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Abstract 
Fibre-reinforced polymer composites are being widely adopted as the de facto material for 
automotive lightweight design, but lack the material models capable of accurately predicting 
fracture.  To address this research gap, three large-scale experimental studies are undertaken 
to characterize thermoset polymers during cure, understand the fibre-matrix interfacial bond 
strength, and predict the fracture of random long-fibre composites via the energy of fracture.  
In conjunction with the Fraunhofer Project Center in London, Ontario, sample sheet moulded 
composites were used to verify the key findings with several industrial composite samples.  
With refined interfacial strength measurement methods, and accurate predictions of the 
composite residual strength, the fracture toughness of composites has been more accurately 
determined than previous research.  These improvements directly translate to improved 
material and fracture models for fibre reinforced polymer composites.  It is thus determined 
that utilizing the interfacial strength of a composite, failure can be predicted with increased 
confidence. 
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1 Introduction 
The German engineer Dr. -Ing. Holger Hanselka recently said that “2/3 of all innovations 
are based on material innovations” [1].  This is the motivation to investigate new 
materials – to build the foundation through which further innovation and invention are 
possible.  Among other considerations, a perfect material must meet or exceed all the 
design specifications at a minimum cost.  Supposing such a perfect material was 
discovered / developed today, it would need to be fully characterized before reaching a 
commercial application – a lengthy and expensive process.  Thus the main goal of this 
work is to reduce the effort involved in this material development process, specifically 
for composite materials.  A desirable composite material is a combination of components 
such that the best attributes of each constituent result in a sum greater than its parts.  This 
research is focused on polymer reinforced fibre composites because of the high-volume 
productions needed for any major industrial application, availability of the base materials, 
and the maturity in processing technology.  What is currently lacking is a numerical way 
to assess material combinations for a given application.  In short, the overarching 
hypothesis is this: a better composite failure model will lead to better material selection 
and component design.  
The primary objectives in selecting a structural material are to minimize the mass while 
realizing a maximum stiffness.  In the transportation industries this directly translates to 
fuel and energy savings.  Consider a typical wheeled automobile, the four driving 
resistances are: rolling, air, inertial, and gravitational.  With the exception of air 
resistance, they are all a function of the vehicle mass; thus reducing mass reduces driving 
resistance.  The aerospace industry has seen tremendous success in reducing the vehicle 
volumetric mass utilizing the benefits of composite materials.  The automotive industry 
would like to replicate these improvements, if certain barriers were overcome.  Unlike a 
plane, a consumer vehicle sees far reduced utilization so component costs become a key 
design factor.  Crash requirements for automotive passenger safety incur additional 
material requirements.  Finally, cars currently roll off an assembly line about every 20 
seconds requiring production processes which can supply at this economy of scale.  
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Therefore, a holistic approach is needed to material selection: considering not only the 
technical requirements, but also the cost, lifecycle, efficiency, production – even 
consumer emotional response.  
The current government commitments to environmentally sustainable technology and 
energy conservation are pushing the automotive industry to seek these alternate structural 
materials which help reach ever restrictive fuel consumption and emission requirements 
[2, 3].  To address this legislative requirement, a lightweight development strategy is 
adopted to realize defined system functionality with given boundary conditions by a 
solution of minimized mass in an economic way [4].  Though composite materials have 
the potential to address this requirement, being both stiffer and less dense than traditional 
engineering materials [5], they pose two additional design constraints: anisotropy and 
non-linear thermal response [6].  To be able to use a composite material for consumer 
design, it must be fully simulated to ensure user safety.  Such simulations demand an 
understanding of both elastic and inelastic mechanical response, which are in turn 
dependent on the materials, the processing, and the final microstructure.  It is these 
process-property relationships which underpin all material models that are used to model 
and predict material behaviour.  
A brute force method, to build and test every material combination, could be used to 
ascertain the desired material properties and determine post-production performance.  
This, however, is impractical in a number of ways: the vast number of possible 
combinations, the time required to perform and analyze all the data, and the astronomical 
cost.  An improved method would be to determine the phenomenological material 
performance based on constituent materials and microstructural arrangement.  While the 
prediction and modeling of elastic behaviour is relatively straightforward, a priori 
prediction of the inelastic response of these materials is considerably more difficult.  
Unlike traditional materials which have consistent fracture mechanism(s), composite 
materials combine the fracture mechanisms of each of the constituents, while also adding 
mechanisms for the constituent geometry and interface.  It is this interface, commonly 
(and mistakenly) assumed as perfectly bonded, which is the central focus of this thesis, 
though newer work has examined the challenging problem of imperfect interfaces [7]. 
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Having an understanding of the interfacial strength and the factors affecting this strength 
will lead to a better fracture model.  The fracture model, in turn, bolsters an improved 
ability to simulate and predict composite behaviour, which then leads to better up-front 
material selection and improved processing parameters.   
 
1.1 Understanding Fracture 
The efforts of Hinton and Kaddour in their world-wide failure exercises (WWFE) over 
the last few decades illustrate two things regarding the state-of-the-art in composite 
failure: there remains an outstanding philosophical question of what constitutes failure in 
a composite and that there is no agreed upon method to approach and predict composite 
failure [8, 9].  Single materials exhibit common failure mechanisms within their material 
family. In metals, yielding and failure is focused on the presence, motion, creation, and 
interaction of microstructural crystal defects.  Brittle ceramic failure is concerned about 
the size and distribution of impurities and cracks.  Polymer deformation, which is 
temperature sensitive, is dependent on the molecular configuration, constitution, and 
conformation.  Though a composite may be a linear combination of materials, it is not a 
linear combination of the failure mechanisms.  
It is proposed that a composite can be mechanically described by a combination of the 
mechanical properties of the constituent materials, the spatial arrangement of the 
reinforcing phase, and a measure of the strength of the connecting bond(s).  While bulk 
testing of composites can determine the formulation-specific properties, it lacks the 
predictive capability needed for material selection and optimization.  Since there already 
exist comprehensive property databases for single materials, and spatial arrangement is a 
direct function of the processing, all that remains is to determine the interfacial strength.  
The fibre matrix interface is focus of this research, whereby several questions arise 
regarding this interface: 
 Is there a good way to measure the interfacial strength?  
 What are the major factors influencing the interfacial strength? 
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 How does the interfacial strength contribute to the composite failure? 
 Does there exist an ideal interfacial strength to maximize fracture toughness? 
If these questions can be answered in a satisfying way, then it should be possible to 
provide a new and more complete picture of the failure of composites.  This type of 
material model is readily needed in the first regard to screen candidate material 
combinations for a given design application, second to perform failure simulations, and 
finally to tune the processing parameters to achieve the desired composite behaviour. 
To address material failure, an energy approach is selected.  Not only has this approach 
been backed by some of the best available fracture models: Pinho [10], Carrere [11], 
Puck [12, 13], but this approach allows a direct link between a fracture mechanism and 
the energy required by that mechanism.  This mechanistic approach results in a firm 
connection to the reality of composite failure and is a simulation friendly method to 
describe non-linear material behaviour.  These models also offer the detail required to 
integrate interfacial considerations into their failure energy calculations to better predict 
the material response at failure and the subsequent damage accumulation.  In short, it is 
expected that with a better interface model, composite failure can be immediately 
improved using the existing failure theories. 
 
1.2 Application to SMC 
Also unlike traditional engineering materials, composites have very different production 
methods.  A solid fibrous material is combined with a liquid matrix which either 
solidifies upon cooling or cures on heating, depending on whether the polymer is a 
thermoplastic or thermoset, respectively.  Arranging and maintaining the distribution of 
the load-bearing fibres is a subject unto itself, though there are limited options when 
selecting a high-stiffness, low-cost fibre.  These fibres are almost always coated to 
promote compatible adhesion to a particular polymer.  Processing therefore focuses on 
selecting and controlling one of the myriad of available polymers, though typically an 
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economical one.  It is this processing which is of interest and its relationship to the 
observed material performance. 
Sheet moulding compound (SMC) is one of the largest (by material volume) processes 
which exist to manufacture composite parts for the automotive industry [14].  Because 
SMC parts are compression moulded, there exists substantial flexibility in terms of final 
part size, geometry, and finish.  The current parts are non- or semi-structural in nature, in 
part due to the limited understanding of failure.  Examples can be seen commonly as seat 
frames, body panels, and bumpers, to name a few.  It seems logical to apply the fracture 
mechanics approach to this process, as the research will have greatest impact.  This 
process typically combines chopped e-glass fibres within a polyester matrix.  Here, 
industry adds complexity: fibre coatings, particulate fillers, and polymer additives.  These 
changes are meant to address the processing challenges like material handling, mould-
filling, component tolerances, and finish.  While some of these challenges are out of the 
scope of this research (e.g. mould flow behaviour), items affecting the polymer 
morphology, the interfacial strength, or the composite failure will be addressed. 
Therefore, with the ultimate goal of furthering composite material models, a 
comprehensive study is undertaken to examine the role of the interface.  First, the 
literature is consulted to ascertain the specific weaknesses and current understanding of 
composite failure.  Then, two thermosetting polymers are characterized to determine their 
cure behaviour, mechanical response, and fracture properties.  With well understood 
polymers in hand, attention is shifted to several interfacial studies.  Composite interfacial 
strength is determined using several experimental techniques, two of which were 
developed as part of this research.  Fibre coatings, processing parameters, fillers, and 
environment are among the conditions tested to examine their impact on interfacial 
strength.  The polymer and interfacial knowledge is then applied to predict and simulate 
several test composites.  Processing parameters and residual stresses are assessed 
numerically to determine how the interfacial strength is affected in a bulk composite.  
The resulting material model incorporates the interfacial criteria to better predict 
composite failure.  The validation of this model is conducted by comparing the fracture 
behaviour of a lab-made composite and an industrially-made composite to the predicted 
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response.  Along the way, several connected applications are summarily investigated to 
provide ties to addressing other issues with composite materials, identifying areas for 
further research, and suggesting alternate applications for the present research.   
The result in studying this interfacial bonding phenomena of fibre reinforced polymer 
composites is a holistic approach to improving and commercializing all composite 
materials.  To conclude the research, several visions are presented to indicate where 
future research efforts are expected to yield substantial research gains.   
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2 Literature Review 
Three main academic topics are addressed in pursuit of an improved composite failure 
model: polymer modeling, measuring interfacial strength, and composite failure.  The 
polymer modeling is aimed at examining the chemical, mechanical, and processing 
influences on the composite interfacial strength.  How the interfacial strength has 
previously been measured and determining the best method to measure the interfacial 
strength is of primary interest.  Further it is necessary to determine if the polymer model 
and/or the measured interfacial strength are best suited to improve a current theory or 
create a new bulk composite failure criterion.  For each topic, a review of the current 
literature is conducted to present the current state-of-the-art.  The underlying theory is 
presented as a foundation from which the current work can be constructed.  Each section 
will identify the strengths and weaknesses of the current techniques and methodologies, 
with a spotlight on the current gaps in research.  In essence, these gap analyses will form 
the targets for novelty and the development of new insights for both the academic and 
commercial communities. 
 
2.1 Polymer Cure Behaviour 
There are two groups of engineering polymers, the thermoplastics and the thermosets.  
The thermoplastics are large molecular weight polymers held together by weak van der 
Waals bonds between the hydrocarbon chains.  These polymers are typically semi-
crystalline, exhibiting a strong viscoelastic response to stress.  While they do not suffer 
from cure shrinkage during processing, they do exhibit thermal shrinkage.  Thermosets, 
on the other hand, contain many covalent bonds between the polymer chains which 
provides both higher modulus and yield strength than their thermoplastic counterparts, at 
the expense of ductility and recyclability.  Thermosets also exhibit a viscoelastic 
mechanical response to stress, albeit greatly reduced, but now have to deal with both 
thermal and cure shrinkage during processing.  In both cases, the resulting composite 
properties are dependent on the processing methods to homogenize the constituent 
materials.  Though there are a number of fascinating topics related to polymer melt flow 
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behaviour, modeling mould-filling, and polymer/fibre interaction, this research, however, 
is focused on the final properties of a composite, and only the processing variables which 
influence those final properties. 
To describe the post-processing mechanical behaviour of a polymer, it is necessary to 
capture the individual physical phenomena directly related to those properties.  Here the 
assumption is made that thermosets can be considered as complicated versions of 
thermoplastics.  Mathematically, if a thermoset is fully described by a series of terms, say 
for the residual stress, a thermoplastic could be described by the same equation by 
dropping the irrelevant terms.  The desire then is to understand the more complicated 
polymer, which defines the behaviour of the less complicated polymer along the way.  
Unlike a crystalline material, where the micromechanics of the unit-cell model scale well 
to the bulk mechanics, the amorphous or semi-crystalline nature of polymers requires a 
different approach.  Thus a physically-based phenomenological approach is taken to 
describe polymer behaviour in terms of the relevant physical systems. 
Most composites are produced with the matrix in a liquidous form to conform to the fibre 
arrangement.  Thus, the solid properties of a composite develop from nothing as a liquid 
to their final value as a room-temperature solid.  Cure kinetics is employed to describe 
the progress of the cure reactions as related to the energy required/released by the 
reaction.  Thermodynamics captures heat transfer and thermal behaviour of our polymer 
system, for which polymers are known to be strongly dependent.  Solid mechanics 
describes the mechanical properties as they develop, considering both the elastic and 
entropic components.  Fluid dynamics is briefly examined to determine if this group of 
physics is applicable to the subsequent experimentation and simulation. 
 
2.1.1 Fluid Dynamics 
Since the simulations and experiments will be conducted with the composite in a 
stationary reference frame, i.e. mould-filling is not examined in the present work, the 
remaining utility of fluid dynamics is in the development of internal convection cells 
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during polymer solidification.  Using Rayleigh-Bernard convection (Equation 2.1) and 
conservative values for the fluidic properties, from Table 2.1, the size of the convection 
cell is found to be on the order of 1 mm3. 
 𝑅𝑎𝐿 =
𝑔𝛽𝑙
𝜐𝑎
(𝑇 − 𝑇𝑜)𝐿
3 (2.1) 
In a bulk composite, this would correspond to, at most, a fibre volume fraction << 1%. 
With the possible exception of nano-reinforced composites, where the scale effects would 
matter, this suggests that fluid dynamics can be ignored without impact. 
Table 2.1 – Rayleigh-Bernard fluid dynamic parameters for internal convection. 
Parameter Description Assumed Value Units 
RaL Rayleigh number 650  
𝑔  Gravitational acceleration 9.81 m⋅s-2 
𝛽𝑙 Thermal expansion coefficient 5 x 10
-5 K-1 
υ Kinematic viscosity 4 x 10-7 m2⋅s-1 
𝑎 Thermal diffusivity 3 x 10-7 m2⋅s-1 
To Upper surface temperature 293 K 
T Bottom surface temperature 393 K 
 
2.1.2 Cure Kinetics 
To describe the developed mechanical properties of a thermosetting polymer, it is 
necessary to describe the liquid-to-solid transformation behaviour.  This is captured by 
selecting a reaction rate equation which describes the particular polymer chemistry 
during cross-linking.  The starting point follows from the work of Ozawa [15], who 
assumed first order behaviour: 
 
𝑑𝛼
𝑑𝑡
= 𝐾(𝑇)(1 − 𝛼) (2.2) 
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where: 
 𝐾(𝑇) = 𝐴𝑒(
−𝐸𝑎
𝑅𝑇 ) (2.3) 
The degree of cure, α, at a given time in the reaction, t, is based on Arrhenius type 
temperature dependence, and assumes atmospheric pressure.  Borchardt and Daniels [16] 
had previously approached this work, but instead used nth order reaction model as: 
 
𝑑𝛼
𝑑𝑡
= 𝐾(𝑇)(1 − 𝛼)𝑛 (2.4) 
This model broadly captures the cure kinetics for most polymer systems, though Sourour 
and Kamal [17] demonstrated a refined model for epoxy systems which included an 
autocatalytic reaction of order m, with an associated autocatalytic rate term: 
 
𝑑𝛼
𝑑𝑡
= (𝐾1 + 𝐾2𝛼
𝑚)(1 − 𝛼)𝑛 (2.5) 
All these kinetic models assume the degree of cure always reaches 100%.  As the reaction 
progresses past the gel point, when the polymer can begin to be described as a solid, 
diffusion effects become important to describe the change in reaction rate.  DiBenedetto 
expressed this onset of diffusion as a change of the glass transition temperature with 
respect to cure [18].  Though this does capture the diffusion phenomena, implementing 
the diffusion controlled rate constant using the Williams-Landel-Ferry (WLF) equation, 
as is commonly attempted, becomes cumbersome to both experimentally determine and 
to mathematically model [19].  A semi-empirical model, proposed by Chern and Poehlien 
[20] has been shown to fit many thermosetting polymer systems, which is considerably 
less burdensome: 
 𝐾𝑑 = 𝐾 ∙ exp[−𝐶(𝛼 − 𝛼𝑐)] (2.6) 
where C and αc are experimentally determined constants describing the magnitude and 
onset of diffusion respectively; ‘K’ is the overall chemical kinetics rate constant.  The the 
overall rate effects are separable such that an isolated function could be used to describe a 
diffusion factor: 
 𝑓(𝛼) =
1
1 + exp[𝐶(𝛼 − 𝛼𝑐)]
 (2.7) 
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Equation 2.7 can then be used in combination with any of the aforementioned rate 
kinetics to produce a rate equation describing both the chemical kinetics and the diffusion 
effects for near any thermoset polymer reaction. 
 
2.1.3 Thermodynamics 
Heat transfer in the composite is primarily governed by conduction, following Fourier’s 
law: 
 𝜌𝐶𝑃
𝜕𝑇
𝜕𝑡
= ∇(𝑘 ∙ ∇𝑇) (2.8) 
A heat generation term is added to account for the exothermic nature of the polymer cure 
reaction as a product of the total heat of reaction and the instantaneous cure rate: 
 𝜌𝐶𝑃
𝜕𝑇
𝜕𝑡
= ∇(𝑘 ∙ ∇𝑇) + 𝜌Φ∆𝐻𝑟
𝑑𝛼
𝑑𝑡
 (2.9) 
The first term describes the heat storage, the second term the heat conduction, and the last 
term the heat generation, which requires knowledge of the cure reaction.  The variable 
phi, Φ, describes the reaction efficiency; in the absence of porosity or impurities, this 
term has the value of unity. 
 
2.1.4 Structural Mechanics 
2.1.4.1 Viscoelastic Behaviour 
Viscoelastic behaviour can be modeled in a number of ways, the simplest being the 
spring-dashpot models of Maxwell and separately of Voigt, shown schematically in 
Figure 2.1.  The assumption is made that the material can be modeled as linear 
viscoelastic so that creep and load can be accounted for separately. 
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Figure 2.1 – Simple viscoelastic models of a) Kelvin-Voigt and b) Maxwell. 
 
Figure 2.2 – Generalized Maxwell-Weichert viscoelastic model. 
This leads to a convenient realization of the generalized Maxwell-Wiechert model (seen 
in Figure 2.2) using a Prony series: 
 𝐺(𝑡) = 𝐺𝑟 [𝜇0 + ∑ 𝜇𝑖 exp (
−𝑡
𝜆𝑖
)
𝑁
𝑖=1
] (2.10) 
It is this approach to curing polymer viscoelasticity that many authors have taken [21-29], 
as it allows the stress at any time to be separated into function of the static and transient 
modulus and is efficient both analytically and numerically.  To combine the cure and 
temperature effects, the time-temperature-superposition (TTS) principle is commonly 
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utilized.  The central assumption in using a TTS model is that the modulus at a given 
temperature is equivalent to the modulus measured over a corresponding time scale.  This 
allows for one set of material data, but requires shift factors to account for temperature 
and cure at the modified time scale.  An Arrhenius law can be used to determine the shift 
factor, but suffers from accuracy [23, 30].  Here a Williams-Landel-Ferry model [19] 
does prove useful to account for one such shift, despite being empirical: 
 log 𝑎𝑇 =
−𝐶1(𝑇 − 𝑇𝑜)
𝐶2 + (𝑇 − 𝑇𝑜)
 (2.11) 
The constants C1 and C2 are found by fitting relaxation curves at several loading rates.  
The WLF model is applicable in the range between the glass transition temperature and a 
hundred degrees above the glass transition temperature, with decreasing accuracy outside 
this range.  This shift factor accounts for the temperature dependence of the modulus.  
Yang [27] and Zoibery [29] both used a second shift factor to account for the cure 
dependence as a function of the change in glass transition temperature following 
Arrhenius behaviour: 
 log 𝑎𝛼 =
−∆𝐻𝑟
2.303𝑅
(
1
𝑇𝑔𝛼
−
1
𝑇𝑔
𝑟𝑒𝑓) (2.12) 
An alternate approach was proposed by Adolf [31], who used scaling analysis to 
incorporate the cure dependence directly into the modulus development: 
 𝐺𝑟 = 𝐺𝑟
∞ (
𝛼2 − 𝛼𝑔𝑒𝑙
2
1 − 𝛼𝑔𝑒𝑙
2 )
8
3⁄
 (2.13) 
 
2.1.4.2 Cure dependent Properties 
Multiple authors have shown that polymer density is linearly related to the cure 
temperature and degree of cure [25, 27], calculated as: 
 𝜌 = 𝜌𝑜[1 − 3𝛽𝑙(𝑇 − 𝑇𝑜) + 3𝛾𝑙(𝛼)] (2.14) 
14 
 
where ρo, and To are the reference density and temperature respectively; βl, γl are the 
linear coefficients of thermal expansion and chemical shrinkage respectively. 
Nawab performed extensive testing on the thermal conductivity of a thermosetting 
polymer during cure, showing that the value rarely changed by more than 10% during 
cure, and could ultimately be taken as a constant value [32].   
Poisson’s ratio is known to change during cure, but no consensus was seen in the 
literature to support a single trend.  Most authors [22, 28, 33] assume a constant value. 
 
2.2 Determining Interfacial Strength 
It is quite a challenge to measure something intrinsically hidden.  Consider a typical 
fibre-matrix interface: suppose the fibre is glass with a diameter of 15µm, and a 
thermoplastic matrix, say polypropylene, surrounds the fibre.  The curvature of the fibre 
makes examination of a unit area difficult.  The brittle fibre is a challenge to handle, be it 
to make a single-fibre sample, or to apply a load.  The size of the fibre requires apparatus 
and measurements sensitive at this scale.  The matrix is opaque, causing challenges to 
optical measurement techniques.  The thermoplastic matrix would also experience a 
thermal stress related to the processing temperature; a thermoset matrix additionally a 
cure stress.  There is limited ability to place sensors at the interface without disrupting the 
interface itself.  Therefore, the majority of techniques currently employed to determine 
the interfacial strength are indirect – inferring strength by applying a micromechanics 
model.  There is clear need for a robust, sensitive technique to rapidly assess the interface 
of an arbitrary fibrous composite.  Though there are numerous methods to determine the 
interfacial strength, each with their strengths and weaknesses, the three most common 
methods are discussed: the pull-out test, the push-out test, and the fibre fragmentation 
test. 
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2.2.1 The Pull-out Test 
Though there is no clear first author to describe the pull-out test, the underlying 
micromechanics are first attributed to Cox [34] who developed the shear-lag model to 
describe stress transfer from the matrix to an embedded fibre.  Both Lawrence [35] and 
Chua and Piggott [36] adapted this shear lag theory to interpret the load-displacement 
data obtained from a pull out test.  Recently, the stress transfer mechanics have received 
renewed attention [37].  In principle, a fibre of known dimension is partially embedded in 
a matrix, loaded, and removed from the matrix, as depicted in Figure 2.3. 
 
Figure 2.3 – Stress transfer in the single-fibre pull-out test [6]. 
Because of the nature of the stress transfer from the fibre to the matrix results in a high 
peak shear stress near the top surface of the matrix, the interfacial shear strength is 
interpreted as the highest load reached in the test [38].  As the interface debonds, the test 
continues to measure mode II crack propagation and friction during fibre pull-out.   
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This test generally represents an idealized single fibre composite, not capturing effects 
from a true high volume fraction composite, where nearby fibres change the stress 
transfer characteristics [39].  Challenges to this test method include sample fabrication 
and dealing with the presence of a meniscus around the fibre [40].  Also troublesome are 
gripping a brittle fibre and accounting for matrix plasticity and Poisson effects [41]. 
 
2.2.2 The Push-out Test 
Much like the pull-out test, the push-out (or push-down) test is a single-fibre method to 
extract the interfacial strength from load-displacement data.  This test aims to address 
several of the shortcomings of the pull-out test by changing the test conditions.  No 
longer is gripping a fibre an issue, nor is controlling the embedded fibre depth, thus these 
tests are much easier to conduct than their pull-out counterparts.  However, 
reproducibility is still an issue especially due to induced damage during sample 
preparation [42].  This test has been used to measure interfacial strength on a variety of 
composites in the past, with greater success using stiff fibres [43].  Typically a thin 
section, still with fibre aspect ratios around 100, is tested by applying load with a micro 
indentation device.  A simple force balance of the load applied to the fibre with the stress 
transferred in shear yields the relation: 
 𝜏 =
𝜎𝑜
4𝑠
 (2.15) 
where σo is the stress applied to the fibre and s is the fibre aspect ratio.  The interfacial 
strength is assessed as the peak stress reached during the initial linear portion of the push-
out test.  A troubling challenge with this test is that the common models used to interpret 
the results, based on the shear-lag theory, can significantly overestimate the interfacial 
shear stress [6].  Newer approaches to this test aim to understand the mechanics of the 
stress transfer at the interface using shorter embedded fibre lengths to approach a uniform 
interface stress distribution, rather than a stress transfer region [44].  Both this and the 
pull-out test typically suffer from repeatability and reproducibility due to even small 
sample errors which become magnified by the analysis. 
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2.2.3 The Fibre Fragmentation Test 
The fibre fragmentation test is an indirect method of assessing the interfacial strength by 
employing the aforementioned shear-lag theory to examine the stress transfer length on 
single or multiple embedded fibres within a transparent polymer matrix – see Figure 2.4. 
 
Figure 2.4 – Schematic of a) fragmentation sample and b) progressive fibre fracture 
and axial fibre stress profile [45]. 
As the single-fibre composite is loaded, stress is transferred from the matrix to the fibre 
until the fibre breaks.  Since the fibre load at a break is zero, the fibre will continue to 
fragment into lengths between the critical stress transfer length and half this value such 
that the fibre length eventually becomes insufficient to reinforce the matrix.  Kelly and 
Tyson expressed this relation as a function of the fibre strength and diameter over the 
observed critical stress transfer length [46]: 
 𝜏𝑖 =
𝑑𝜎𝑓
∗
2𝑙𝑐
 (2.16) 
Here, the stress transfer mimics a real composite in that the load is transferred from the 
matrix to the fibre contrary to the push-out or pull-out tests.  Further, the challenges with 
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implementing the shear-lag theory are partially abated since the analysis looks at actual 
fibre fracture rather than interpreting the stress-strain results.  Many authors have used 
this test to achieve measures for both the fibre-matrix interfacial shear strength [47] and 
the interfacial strain energy release rate [48].  The relation of Kelly and Tyson has 
remained consistent since its inception, though recent work has accounted for the 
statistical distribution of strength [49], the ratio of the moduli [50], and imperfect 
interfacial bonding [51].  Because of its stability, reproducibility, and simplicity, this test 
has become one of the best methods to assess the interfacial strength of a composite 
despite knowing that this test generally under-reports the interfacial strength [6, 52] and 
will always remain an indirect method.  From the three tests presented, there is still a 
need for a simple test which can be universally applied to any type of composite to 
measure its interfacial properties directly, and with controllable impact from separate 
phenomena. 
 
2.3 Composite Failure Criteria 
Composites have a unique challenge, compared to other materials, when it comes to 
failure: their microstructure.  Dimensionality, arrangement, and aspect ratio of fibres are 
strong contributions to the complexity of failure.  For this thesis, homogenization 
methods, representative volumes and determination of elastic mechanical response are all 
outside the scope of the work; the focus is on failure.  However, the elastic composite 
response is accurately required to determine stresses or strains at which non-linearity 
begins.  Thus, a cursory presentation of the elastic modeling of composites is highlighted 
to draw the basis for composite failure. 
There is no consensus in the literature on what constitutes composite failure.  Options 
include the onset of permanent deformation in any of the constituents, the appearance of 
cracks, the onset of stable crack growth, the first fibre failure, or the loss of load-carrying 
capability.  This work will focus on the initiation of failure rather than final failure where 
a collected damage model would be required.  To examine the merits of the currently 
available criteria, it is necessary to loosely group the available theories by their respective 
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approaches depending on whether they are based on the stress state, the energy state, the 
failure condition or some combination thereof.  For each criterion, identification will be 
made to explicitly state how failure is defined.  The two main groups of failure theories 
are those which are primarily phenomenological in nature, and those which are based on 
internal energy states.  Other theories such as probabilistic models or empirical 
approaches do exist, but are currently in the minority.  Though many criteria are designed 
for laminated structures with multiple layers of woven fibres, their approach and failure 
mechanisms can be ported to other composite structures such as the currently studied 
long fibre composites. 
 
2.3.1 Composite Elastic Properties 
By using brittle reinforcing fibres, the fibres themselves can be treated as linear elastic.  
This immediately reduces the composite complexity by only having one constituent with 
non-linear mechanical response.  To model the non-linear elastic response of a polymer, 
it is common to use a Ramberg-Osgood formulation to capture the behaviour up to and 
including the tensile strength.  This allows the stress-strain response to be directly 
considered as [53]: 
 
𝜎 =
𝐸𝑜𝜀
(1 + (
𝐸𝑜𝜀
𝜎𝑜
)
𝑘
)
1
𝑘
 
(2.17) 
The three parameters in this model relate to physical phenomena: the initial elastic 
modulus, Eo, the asymptotic or tensile stress, σo, and the strain-hardening coefficient, k.  
By adjusting the hardening coefficient, this model can fit a wide array of polymer 
systems.  Further, because this model is positive continuous, the first derivative of 
Equation 2.17 with respect to strain yields the tangent modulus.  This property allows the 
elastic modeling of any composite to easily capture the non-linear response of the 
polymer during prediction or simulation. 
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A short fibre composite is one in which the average fibre length is less than or equal to 
the critical length required for stress transfer.  A long fibre composite is one in which the 
average fibre length is greater than the critical length, but less than the major length of 
the composite part.  For reference, a continuous fibre composite is one in which the fibre 
length is effectively unbroken, or extends the whole length of the composite part.  There 
are many models to predict the stiffness of a random-fibre composite, whether short or 
long fibre.  Models take many approaches such as the misfit strain method of Eshelby 
[54], the concentration method of Mori-Tanaka [55], the bounds method of Hashin-
Shtrikman [56], or the computational self-consistent method [57, 58].  There are also a 
number of simplified averaging methods.  Figure 2.5 presents a comparison of stiffness 
predictions for a random long-fibre composite using properties for a glass / epoxy system. 
 
Figure 2.5 – Comparison of several random fibre homogenization schemes to 
predict the composite Young’s modulus as a function of fibre volume fraction. 
The equations for each of the Young’s moduli in Figure 2.5 are as follows. 
Voigt [6]: 
 𝐸𝑐 = 𝑣𝑓𝐸𝑓 + (1 − 𝑣𝑓)𝐸𝑚 (2.18) 
Reuss [6]: 
21 
 
 𝐸𝑐 =
𝐸𝑓𝐸𝑚
𝐸𝑚𝑣𝑓 + 𝐸𝑓(1 − 𝑣𝑓)
 (2.19) 
The Voigt-Reuss-Hill relation [57] is the average of Equation 2.18 and Equation 2.19. 
Modified Cox [34]: 
 𝐸𝑐 = 𝐸𝑚 +
𝐸𝑓𝑣𝑓
3
 (2.20) 
Pan [59]: 
 𝐸𝑐 =
𝑣𝑓
𝜋
𝐸𝑓 + (1 −
𝑣𝑓
𝜋
) 𝐸𝑚 (2.21) 
Puck [60]: 
 𝐸𝑐 = 𝑣𝑓 (
16
45
𝐸𝑓 + 2𝐸𝑚) +
8
9
𝐸𝑚 (2.22) 
Halpin-Tsai [61]: 
 𝐸𝑐 =
𝐸𝑚(1 + 2𝜂𝑣𝑓)
(1 − 𝜂𝑣𝑓)
 (2.23) 
 𝜂 =
(
𝐸𝑓
𝐸𝑚
− 1)
(
𝐸𝑓
𝐸𝑚
+ 2)
 (2.24) 
Christensen-Waals [62]: 
 𝐸𝑐 =
𝑣𝑓
3
𝐸𝑓 + (1 + 𝑣𝑓)𝐸𝑚 (2.25) 
Hashin-Shtrikman Average [56]: 
    𝐸𝑐 =
𝐸𝐿 + 𝐸𝑈
2
 (2.26) 
 
   𝐸𝐿 = 𝐸𝑚 +
𝑣𝑓
1
𝐸𝑓 − 𝐸𝑚
+
3(1 − 𝑣𝑓)
3𝐸𝑚 + 4𝐺𝑚
 
(2.27) 
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   𝐸𝑈 = 𝐸𝑓 +
1 − 𝑣𝑓
1
𝐸𝑚 − 𝐸𝑓
+
3𝑣𝑓
3𝐸𝑓 + 4𝐺𝑓
 
(2.28) 
2.3.2 Phenomena-Based Failure Criteria 
Phenomena based criteria, also termed maximum stress or maximum strain criteria, are 
those which allow a composite to continue receiving load until either a critical stress or 
strain is reached.  Usually these models incorporate this critical-value problem with a 
material degradation scheme such that once the composite reaches the initial critical 
value its mechanical properties are degraded until the composite fails completely at some 
secondary, ultimate criterion.   
A simple model proposed by Bogetti [63] predicts composite failure using a maximum 
strain model based on the work of Chou [64].  The model relies on the assumption that 
the reinforcing fibre in a polymer composite is both stiff and brittle compared to the 
matrix, such that the first point of failure in a composite is typically the fibre.  Using what 
is essentially a table-lookup, the composite behaves following the stress-strain 
relationship defined by the homogenization scheme until one of six possible scenarios is 
reached (nine scenarios for triaxial loading).  The scenarios are axial tension, axial 
compression, transverse tension, transverse compression, in-plane shear and interlaminar 
shear.  If values for these strains are sourced only from the constituent materials, then this 
theory is not very accurate.  Using experimental values of the composite or lamina for the 
failure strains dramatically improves this theory which begins to operate in an elastic-
brittle manner.  This theory does capture the differences in anisotropic failure, even if 
only by empiricism, and serves as an upper bound to composite failure theories.  The 
beauty of this theory is its simplicity as it can be easily applied to nearly any composite 
with few required parameters and little experimental work to determine those parameters. 
Stephen Tsai has greatly contributed to composite failure with his quadratic failure 
criterion [65-67].  Similar to the generalized von Mises equation, the Tsai-Hill or Tsai-
Wu criteria are closed-form failure envelopes for composite materials by evaluating the 
stress (or strain) state.  The general criterion is [67]: 
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𝜎𝑥
2
𝑋𝑋′
+
2𝐹𝑥𝑦
∗ 𝜎𝑥𝜎𝑦
√𝑋𝑋′𝑌𝑌′
+
𝜎𝑦
2
𝑌𝑌′
+
𝜎𝑠
2
𝑆2
+ [
1
𝑋
−
1
𝑋′
] 𝜎𝑥 + [
1
𝑌
−
1
𝑌′
] 𝜎𝑦 = 1 (2.29) 
where the critical interaction parameter is 𝐹𝑥𝑦
∗ .  The individual parameters for Equation 
2.29 are fully discussed in Reference [66].  Failure occurs when all the combined stresses 
acting on the material are sufficient to cause failure as related to the individual maximum 
stresses in tension, compression and shear.  Different from the theory of Bogetti, the Tsai 
criteria are interactive, meaning that longitudinal, transverse and shear stresses can 
impact one-another.  The latest iteration of the Tsai-Wu criterion includes both initial 
failure when a critical stress combination is reached, and an iterative degradation scheme 
until the load-bearing ability of the composite is reduced to zero [65].  Though this theory 
is relatively simple in application, to be effective it requires all the failure stresses to be 
initially determined before it can be implemented and again relies upon knowledge of the 
actual composite strength to predict failure. 
A third popular approach to the phenomena criteria is that of Puck [12], who has 
developed and refined his theory for a multitude of composite structures and failure 
conditions.  Puck implements multiple approaches to composite failure depending on the 
load direction and type of failure considered.  Tensile and compressive failure is 
separately considered for laminates where the failure mechanisms are different, as is 
biaxial loading to account for the differences in fibre and inter-fibre failure.  One of the 
unique aspects of Puck’s theory is the search for a maximum stress plane from which to 
determine the inter-fibre failure mode, after Mohr’s theory, as seen in Figure 2.6. 
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Figure 2.6 – Inter-fibre failure surface as determined for biaxial loading on a 
composite lamina [12]. 
Though Puck’s theory is primarily geared to composite laminates, the main concept to 
determine the principle stresses and compare those stresses has long been proven a 
reliable approach to failure.  In this approach, damage can be modeled as a geometrically 
self-similar reduction to the above failure surface.  One down side to such a developed 
theory is the required calibration with several empirical parameters and computationally 
intensive search for potential fracture planes. 
 
2.3.3 Energy-Based Failure Criteria 
Another approach to composite failure is using an energy-based approach to determine 
failure based on how much energy is required to initiate and is consumed during failure.  
This approach is typically favoured over linear elastic fracture mechanics where there 
exists complex geometry or anisotropy, such as with composite materials.  Though 
models such as that of Puck can approach failure using stresses which model reality quite 
well, their ability to deal with damage are typically empirical.  With an energy approach, 
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there is increased up-front cost to develop the rigor of a theory to account for the same 
failure mechanisms, but damage becomes an easily handled feature as a result of attaining 
an energy balance during failure.   
One theory which approaches this method with robustness is that of Pinho [8,10].  Again, 
this theory is based on laminates, but applies to a multitude of composites as the 
formulation accounts for the energy of fracture in a wide range of scenarios.  Figure 2.7 
presents the scenario of a laminate experiencing a normal load with the entrapped 
transverse ply cracking and eventually delaminating.   
 
Figure 2.7 – Crack and delamination energies of a laminated composite with 
damage mechanics from the work of Pinho [10]. 
Pinho utilized separate strain energy release rates for the onset and propagation of 
damage for different loading geometries, relating each rate to a corresponding type of 
failure.  The biggest strength of this model is its ability to detail the type, amount, and 
location of damage during loading at the cost of complexity.  Finite element simulations 
are required to iterate to predict the stress-strain response of a composite and there are a 
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number of calibration factors required beyond material properties to achieve the touted 
predictive capability.   
For random fibre composites, one of the challenges in applying the energy-based failure 
models is that crack growth does not follow from linear elastic fracture mechanics [68].  
The assumption of a traction-free crack is not the case with fibre bridging and a 
complicated process zone where multiple crack growth opportunities and non-uniform 
matrix plasticity exist [69].  The mixed failure modes require combined analysis of 
separate phenomena which can make it difficult to determine clear relationships between 
different failure modes.  Outwater and Murphy [70] previously developed a relationship 
to determine the stress required for debonding based upon the energy required to debond 
a fibre as: 
 𝜎𝑑𝑏 = √
8𝐸𝑓𝐺𝑑𝑏
𝑑
 (2.30) 
where Gdb is the debond energy per unit area.  This is useful for short fibre composites 
where pullout and matrix fracture dominate, but further considerations are required for 
long fibre composites.  Also, the determined debond critical strain energy release rates 
are large values which account for multiple phenomena as the role of the interface and 
matrix plasticity were ignored.  Hibbert and Hannant [71] proposed a semi-empirical 
model for the toughness of an aligned, long-fibre composite as the summation of fibre 
fracture and matrix cracking as: 
 𝑈𝑐 = 0.159𝜔𝐸𝑐𝜀𝑚𝑢
2 + 0.5𝜎𝑓𝜀𝑓𝑢𝑣𝑓 (2.31) 
where  
 𝜔 =
𝐸𝑚(1 − 𝑣𝑓)
𝐸𝑓𝑣𝑓
 (2.32) 
This was done primarily as an extension of the Griffith and Irwin toughness models to 
account for the brittle fibre fracture and matrix plasticity separately during fracture.  This 
model is predictive in the sense that it utilizes constituent properties to predict the 
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composite toughness.  The empirical factors do fit for a range of fibre reinforced 
composites, including ductile fibre composites, but do not retain a basis in reality.   
Hull and Clyne [6] analyzed fibre interfacial debonding and pullout from the scenario 
depicted in Figure 2.8. 
 
Figure 2.8 – Crack schematic in a long fibre composite with fibre-matrix debonding 
and fibre pullout. 
Their subsequent analysis suggested that interfacial debonding is a relatively small 
amount of energy (~10 J/m2), while the energy of pullout is substantial (~80 kJ/m2).  
Further, they proposed bounds on the interfacial energy based upon the fibre aspect ratio 
and fibre fracture energy.  These statements may be true for ceramic matrix composites 
where the interface is relatively weak for the one study quoted [72], but is at odds with 
recent work which has measured interfacial debond energies of polymer matrix 
composites in the range of 500-1000 J/m2 [48].  A recent study commented on this issue 
stating that it is the breaking of chemical bonds which constitutes debonding, while 
pullout is reserved for sliding friction [73].  This separation led to more reasonable 
figures for debond and pullout respectively. 
Cook and Gordon have shown that an interface can debond ahead of an advancing crack 
separately from a pullout event [74].  This, therefore, suggests that analysis to date may 
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be smearing the effects of interface and debond together, when in fact they are separate 
phenomena.  A lot of work has analyzed the effects of fibre aspect ratio on the observed 
properties and failure behaviour, but typically for small ratios [59, 60, 62].  Still lacking 
in the literature is a comprehensive failure model for long fibre composites using a 
mechanistic approach to determining the composite strain energy release rate. 
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3 Polymer Characterization 
“What is the minimum number of mechanical properties that fully defines the mechanical 
performance of a material?” – Jeff Wood, 2011.  For a polymer, there is no easy answer.  
The standard properties: density, elastic moduli, yield and tensile strengths all apply.  
However, all polymers exhibit non-linear temperature dependence.  Thermoset polymers 
are also reliant on their crosslink density, and all but the stiffest polymers exhibit 
viscoelasticity – time dependent deformation.  More importantly, how does each of these 
properties influence the interfacial strength and resulting bulk composite properties?  
This chapter will examine how these properties are determined and enumerate values for 
a given thermoset polymer.  Trends in material behaviour and confidence for each 
parameter will be identified where possible.  This work will facilitate the isolation of 
polymer properties from interface properties to examine the individual relationships.  
Further, by characterizing an industrial polymer, the eventual numerical simulations can 
be populated with accurate properties to better predict failure, thus performing accurate 
validation. 
 
3.1 Materials Selection 
Two thermosetting polymers are selected to represent different industrial processes, 
chemical reactions, and material behaviour.  Both polymers are translucent and have 
similar stiffness when cured.  A two part epoxy from was sourced from Crosslink 
Technologies Inc.; resin, CLR 1180, and hardener, CLH 6560.  This epoxy, shown 
chemically in Figure 3.1, reacts in a step-growth reaction over a lengthy cure, resulting in 
a finely controlled degree of cure.  Unsaturated polyester, T320-70 sourced from AOC, is 
a chain growth reacting polymer, rapidly curing when the activation energy (temperature) 
is reached.  To aid in laboratory processing of the polyester, a peroxide-based 
polymerization initiator was used, Luperox DDM-9, from Sigma Aldrich.  Both polymers 
were prepared according to the manufacturer guidelines, unless otherwise indicated.  The 
polyester is studied as it matches the desired industrial requirements: rapid cure, cost 
effective, and able to be highly filled.  The epoxy is studied as it matches the desired 
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laboratory specifications: low toxicity, simple fabrication, and a wide range of cure-
dependent properties.   
The epoxy was used as the polymer of primary study, fully characterized in all the 
described test methods.  This was done to indicate both the important, as well as the less 
important variables contributing to the resulting composite interfacial strength.  The 
polyester was only tested in a minimum battery of tests as determined from the epoxy 
characterization.  Results will always be shown for the epoxy, but only for the polyester 
when the testing was necessitated. 
Three silanes are used in the interfacial studies in Chapter 4.  They are included briefly in 
this section as their chemistry and bonding characteristics to the polymers are important.  
These silanes were selected from their representation in literature as the most common 
for both the epoxy and polyester resin chemistry [75, 76]; all were sourced from Dow 
Corning: 
1. Z6020:   [3-(2-Aminoethylamino)propyl]trimethoxysilane 
2. Z6030:   3-(Trimethoxysilyl)propyl methacrylate 
3. Z6040:   (3-Glycidyloxypropyl)trimethoxysilane 
Also used briefly is a low density polyethylene to indicate the extension of the interfacial 
studies with thermoplastic materials.  This polyethylene was acquired from Sigma 
Aldrich in pellet form. 
The datasheets for all the materials used can be found in Appendix A. 
 
3.2 Chemical Properties 
The chemical properties of the polymers are described first to set up the presentation of 
the mechanical properties which are dependent on the polymer chemistry.  In order to 
comment on the specifics of the chemical reactions and their influence, a confirmatory 
study is conducted to verify the chemical composition of the materials.  The cure kinetic 
properties are also recorded, followed by the cure induced chemical shrinkage. 
31 
 
 
3.2.1 Chemical Analysis 
Both mass spectroscopy and nuclear magnetic resonance were conducted on the resin and 
hardener, as well as the three silanes (coupling agents) eventually used in the interfacial 
studies.  The full chemical analysis can be found in Appendix B which confirms the 
chemical structures presented in Figure 3.1 for all five species. 
 
Figure 3.1 – Chemical structures for the a) epoxy resin b) epoxy hardener c) Z6020 
silane d) Z6030 silane and e) Z6040 silane 
The chemistry of epoxide ring opening and bonding with amines has been well-studied 
[77, 78].  This reaction proceeds as a step growth reaction, requiring a stoichiometric 
ratio of resin to hardener to achieve a complete reaction.  Conversely, and not pictured in 
Figure 3.1, the polyester cures rapidly in a chain growth reaction based on the production 
of free radicals during cure.   
32 
 
Of the silanes from Figure 3.1, it can be seen that Z6020 has the same functional group as 
the epoxy hardener, and that Z6040 has the same functional group as the epoxy resin.  
The expectation then is that Z6020 and Z6040 should be fully compatible with this 
particular epoxy.  Since the epoxide functional group is more reactive than the amine 
group, Z6040 should be the best performing silane with the epoxy, as it is most reactive.  
A check on the reactivity of the Z6030 functional group indicates that this coupling agent 
is not very compatible with the epoxy, though it is expected to perform very well with the 
polyester, where free-radical chain growth reactions will readily react with the double 
bond. 
 
3.2.2 Degree of Cure 
Both polymers studied react exothermically, releasing energy as the cure reaction 
progresses, though only the epoxy chemistry was studied in detail.  This energy, or heat 
of reaction, is necessary for both the energy balance in simulation and as one method to 
determine the degree of cure.  The heat of reaction was measured by running a high 
temperature isothermal cure test on a TA Instruments Q20 differential scanning 
calorimeter (DSC), under nitrogen, at atmospheric pressure.  As the DSC is a highly 
sensitive measurement, it is important that there is no sample mass-loss.  So a first test is 
to check the degradation behaviour of the mixed reactants using thermal gravimetric 
analysis (TGA) on a TA Instruments SDT Q600.  A 20µg sample was extracted from a 
~50g batch of mixed epoxy to minimize measurement error.  The sample was heated at 
20°C/min. from room temperature to 400°C while the mass was recorded.  The results of 
the thermal gravimetric analysis (TGA), presented in Figure 3.2, indicate that there is 
about 4% water/solvent loss around temperatures of 100 degrees centigrade. 
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Figure 3.2 – Thermal gravimetric results for epoxy. 
Therefore, an isothermal DSC measurement was conducted at several points, from just 
above room temperature to the highest stable temperature of 90 degrees centigrade.  Heat 
flow per unit mass was recorded as a function of time and can be seen on both a linear 
and logarithmic scale in Figure 3.3.  The heat of reaction was determined by taking the 
area under the heat flow curve using the initial equilibrium heat flow as the reference 
point.  Only the first 60 minutes of the cure cycle is shown to illustrate the key 
exothermic peak, though the reactions were recorded for 2, 4, and 12 hours for the 80°C, 
60°C and 30°C isothermal cures respectively..  Also, the logarithmic scale is truncated to 
start at the 6 minute mark to avoid the representation of negative numbers.  
Initially, the heat flow curve indicates an endothermic drop following a brief (5 minute) 
equilibrium at 0°C.  This endothermic drop corresponds to the initial intake of energy 
required before the activation energy is reached and the stable exothermic reaction can 
proceed; this has been previously observed in other epoxy systems [79]. 
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Figure 3.3 – Isothermal DSC curves for the first 60 minutes of cure on a) linear scale 
b) logarithmic scale 
Using a separate 90°C dynamic cure at a heat ramp of 5°C/min, the total heat of reaction 
is determined as 280.0 kJ·kg-1.  The instantaneous degree of cure, then, is measured as a 
ratio of the released heat of reaction to the total heat of reaction as [80]: 
 𝛼 =
∫ 𝐻
𝑡
0
∆𝐻𝑟
 (3.1) 
35 
 
where 𝛼 is the degree of cure, 𝐻 is the heat of reaction and ∆𝐻𝑟is the total heat of 
reaction as independently measured.  The experimental DSC data is then re-plotted to 
determine the degree of cure with respect to the reaction time, as in Figure 3.4. 
 
Figure 3.4 – Degree of cure as determined from the DSC isothermal cure 
experiments 
To model this behaviour the works of Sourour and Kamal were combined with those of 
Chern and Poehlien, from Chapter 2, to yield the overall cure model, in its expanded form 
(Equation 2.5and Equation 2.7): 
 𝑑𝛼
𝑑𝑡
=
(𝐴1 exp (
−𝐸𝑎1
𝑅𝑇 ) + 𝐴2 exp (
−𝐸𝑎2
𝑅𝑇 ) 𝛼
𝑚) (1 − 𝛼)𝑛
1 + exp[𝐶𝛼(𝛼 − 𝛼𝑐)]
 (3.2) 
The rate constants, determined following the work of Han [81], and the diffusion 
constants, determined from least squares fitting, are presented in Table 3.1.  From the 
forthcoming dynamic mechanical analysis of the cured polymer it was determined that 
the average glass-transition temperature, Tg, for this polymer is only slightly above room 
temperature.  Since Tg is a cure-dependent property, its precise value will depend on the 
individual degree of cure of a give sample, thus Tg = 27°C is reported for the 60°C 
isothermal cure following ASTM E 1356 [82], as this cure temperature is the default used 
for the majority of the mechanical testing.  To simplify the analysis, only one set of 
properties is used to describe this polymer, all of which represent values for a 
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temperature above the glass-transition temperature.  Further accuracy would no doubt be 
obtained by duplicating the experimental work for lower temperatures to capture 
properties at or below the Tg.  Figure 3.5 indicates a good fit between the model and the 
experimental data. 
 
Figure 3.5 – The degree of cure compared between isothermal DSC tests and the 
cure model 
Table 3.1 – Epoxy cure kinetic parameters. 
Parameter Value Units 
Ea1 55.03 kJ⋅mol-1 
Ea2 48.54 kJ⋅mol-1 
A1 1.00 x 10
5 s-1 
A2 5.13 x 10
4 s-1 
m 0.79  
n 1.53  
Cα 109.4  
αc 0.0020 T [°C] + 0.817  
αgel 0.0036 T [°C] + 0.609  
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Another way to assess the model accuracy is to plot the cure rate with respect to the 
degree of cure, as shown in Figure 3.6.  Here, some of the nuances of the model, and 
troubles with the experiments are depicted more clearly.   
 
Figure 3.6 – Cure rate versus degree of cure for isothermal DSC experiments 
plotted against the cure model 
Though the model maintains excellent agreement between the different experiments, 
some trouble is shown in the 30°C experiment.  The model predicts that the maximum 
degree of cure should reach about 87%, while the experimental data suggests that the 
final degree of cure might be higher (the DSC only recorded the first 12 hours of cure).  
In consultation with the operator, a possible explanation is with the precision of the DSC: 
the error due to very small changes in heat flow over long durations can become 
compounded.  Another inconsistency is seen in the initial and peak rates of reaction 
which is very sensitive to the uniformity and accuracy in mixing the epoxy.  Though the 
epoxy was mixed in a larger 50g batch, there was approximately 0.5% error within the 
mix ratio of resin to hardener based on the accuracy of the weigh scale used.  Moreover, 
if the resin and hardener were not uniformly mixed, there would not be a uniform 
reaction rate observed, which would show up in the data as a slight variance in the peak 
reaction rates as is actually observed.  Thus, given the understanding of the curing 
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dynamics, the model is accepted to perform well across the range of temperatures tested, 
despite some of the experimental irregularities. 
In addition to the degree of cure, the cure gel point and onset of diffusion are also cure 
dependent.  The gel point is assessed following ASTM D 4473 [83], while the onset of 
diffusion is evaluated by fitting the final slope of the cure rate vs. degree of cure curves 
from Figure 3.6.  Note the 90°C dynamic cure DSC data was included here in increase 
the accuracy of fitting these parameters.  Both of these variables are plotted in Figure 3.7, 
whereby linear relationships are obtained with respect to the cure temperature.  In both 
cases higher gel and diffusion points occur at elevated cure temperatures, where the cure 
takes place over shorter amounts of time.   
 
Figure 3.7 – Gel point and diffusion onset point as a function of cure temperature. 
These relationships will enable future simulations to be able to account for any cure 
scheme, whether isothermal or dynamic, as any arbitrary cure point is now modeled 
based on its base chemistry.   
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3.2.3 Cure Shrinkage 
Chemical shrinkage (also called cure or polymerization shrinkage), the primary source 
for residual stress during cure, was measured following ASTM D 2566 [84], though there 
are numerous ways to accomplish this task [85].  Though this standard has been 
withdrawn, it is the author’s opinion that careful experimental procedure using this 
standard can still yield accurate data.  To validate this claim, the cure shrinkage values 
obtained using ASTM D 2566 are compared to those obtained by monitoring the normal 
load from the parallel-plate rheometry in Section 3.3.4 and from the slopes obtained in 
the pycnometry experiments in Section 3.3.3.  Figure 3.8 shows the results for all three 
methods, which were collected using the same isothermal 90°C, 2 hour cure cycle.  The 
high temperature cure was selected to determine the maximum chemical shrinkage in the 
epoxy.   
 
Figure 3.8 – Epoxy cure shrinkage from several experimental methods. 
Within statistical deviation, all three methods generate the same cure shrinkage value.  
Though this was expected, it does give confidence to the use of any of these methods to 
measure cure shrinkage.  This also partially validates the human error inherent to any 
experiment as the careful attention to detail results in a consistent measurement even 
when using different testing methods. 
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Interestingly, the effect of the cure shrinkage can be seen visually in the ASTM D 2566 
samples when cured over a variety of temperatures.  Figure 3.9 presents three samples 
cured at room temperature (22°C), 60°C, and 90°C respectively.  These samples are in 
the shape of a long half-cylinder and are viewed facing normal to the flat surface under 
polarized light.  Though not quantitative, the shrinkage can be visualized as the density of 
the vertical distortion lines, increasing with increasing cure temperature.  Also visible is 
the change in colour of the epoxy from clear to amber, which the manufacturer describes 
as an indication of reaching a fully cured state.  At the 90°C cure, there is evidence the 
sample was close to boiling, as there is the presence of entrapped gas.  Also in Figure 
3.9c), the high chemical shrinkage was enough to cause out of plane distortions along the 
gauge length of the sample.  For reference, the width of the pictured samples is 24 mm. 
 
Figure 3.9 – ASTM D 2566 samples, photographed using cross-polarized lenses, 
cured at a) room temperature (22°C) b) 60°C and c) 90°C 
To utilize this cure shrinkage parameter in the mechanical analysis, it is necessary to also 
relate this value to the degree of cure.  Using the normal loads at various points from the 
60°C rheology cure at various times, the degree of cure is determined from the relative 
change with respect to the total cure from the 90°C cure.  When plotted in Figure 3.10, 
the shrinkage is found to be nearly linear to the degree of cure.  The error of each point is 
a set value based on the precision of the load cell. 
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Figure 3.10 – Cure shrinkage with respect to the degree of cure from the rheology 
experiments. 
 
3.3 Mechanical Properties 
The polymers are expected to behave in an isotropic manner, as no effort is made to 
orient the polymers during cure.  To account for experimental error, all properties are 
determined using sample series consisting of a minimum of 8 samples.  The highest and 
lowest values are discarded, with the remainder averaged to give the presented values to 
limit the outlier bias [86].  The standard deviation is calculated assuming the samples 
represent only a portion of the population, rather than the complete population, to give a 
conservative value for the deviation range.  To begin, static properties (modulus, yield, 
Poisson’s ratio, etc.) are first measured to provide the datum material response.  Thermal 
and viscoelastic responses are determined to better understand the mechanical behaviour 
during cure.  Finally, fracture behaviour is studied to generate inputs into the predictive 
material model. 
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3.3.1 Elastic Properties 
Quasi-static testing was performed on neat epoxy and polyester in a number of ways.  
First, the modulus, yield, and tensile properties were obtained by casting neat epoxy and 
polyester specimens in a split mould (See Figure 3.11) following the ASTM D 638 type 
V sample geometry [87], but with extended tabs with which to better grip the samples.  
The pictures show the mould and application of a carnauba wax to aid in the subsequent 
sample de-moulding.  Between uses, the mould was re-polished using an aluminum metal 
polish and a hand-held rotary polishing tool as well as receiving a thin layer of wax so 
that the samples would not bond to the mould during cure. 
 
Figure 3.11 – Split aluminum mould used to create polymer tensile samples showing 
a) application of wax b) polished and buffed mould 
These samples were tested on a 5943 Instron equipped with both a 1kN load cell and an 
independent 25mm gauge extensometer to measure strain.  A typical stress-strain result 
for each polymer is presented in Figure 3.12. 
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Figure 3.12 – Typical stress-strain response comparison between the selected epoxy 
and polyester. 
The Polyester is seen to behave in a brittle manner, averaging a failure strain of 1.9%.  
The epoxy shows moderate strengthening behaviour before the tensile strength is 
reached, with a larger ductility than expected for a typical thermoset.  The reported values 
for the modulus, yield strength, tensile strength, and strain-to-failure are all determined 
based on the same ASTM D 638 standard and are reported in Table 3.2, below. 
Further, epoxy was cast in flat sheets and isothermally cured at temperatures of 22°C, 
60°C, 90°C, which corresponds to cures of 87%, 94%, and 100% respectively.  Since this 
testing was chronologically performed prior to the chemical cure analysis, there is no 
corresponding degree of cure for the shown 120°C case, as this was beyond the safe 
limits for the DSC characterization.  No future testing utilized any cured samples at such 
an elevated temperature, but the results in this case are important to illustrate a trend in 
the mechanical properties.  Samples were cut and machined according to ASTM D 638 
type IV.  Poisson’s ratio was measured by means of two independent extensometers and 
tested using an Instron 8804 load frame with a 5kN load cell.  Figure 3.12 displays the 
trends in modulus, Poisson’s ratio, and work of fracture for the epoxy. 
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Figure 3.13 – Epoxy mechanical properties as related to cure temperature. 
As the cure temperature increases the Young’s modulus increases while the Poisson’s 
ratio decreases.  Initially the polymer stiffness and ductility increase as the degree of cure 
increases.  However, at some point, the increased degree of cure prevents further 
ductility, resulting in a lower work of fracture at elevated cure temperatures.  Though not 
explored further, this behaviour represents one avenue to optimize the performance of the 
bulk composite: to determine the best trade-off between the stiffness and failure strain by 
controlling the cure temperature (degree of cure).  All the measured mechanical 
properties for both the polyester and the epoxy are collected in Table 3.2 for reference. 
Though not clear from Figure 3.13, Poisson’s ratio can be modeled as a linear relation to 
the degree of cure: 
 𝜈 = 𝜈𝑜(𝐷1 − 𝐷2𝛼) (3.3) 
where νo is the effective liquid Poisson ratio, and D1 and D2 are the fitting intercept and 
slope respectively.  This relation gives an R2 value of 97.9%. 
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Table 3.2 – Room temperature mechanical properties for Epoxy and Polyester 
based on their default isothermal cure cycles. 
Property Epoxy Polyester Units 
Yield Stress 21.7 ±1.0 16.0 ±1.0 MPa 
Tensile Stress 48.7 ±1.0 38.5 ±1.0 MPa 
Young’s Modulus 2.00 ±0.03 1.60 ±0.07 GPa 
Failure strain 7.7 ±1.8 1.9 ±0.2 % 
Poisson’s ratio 0.30 ±0.01 0.28 ±0.01  
Density 1.16 ±0.01 1.21 ±0.01 g/cm3 
Cure shrinkage 2.49 ±0.4 2.66 ±0.1 % 
 
3.3.2 Elevated Temperature Yielding 
Thermal yield behaviour was determined using samples cast at 60°C and tested using an 
Instron 3366 load frame and thermal chamber with either a 5kN or 500N load cell, 
depending on the testing temperature.  To gain insight into the changing mechanical 
response of the epoxy, consider Figure 3.14 where several stress-strain curves at elevated 
temperatures are graphed.  As the temperature increases, the modulus, yield and tensile 
stress decrease as expected.  Unexpected is the transition into viscous flow behaviour 
which is unusual for a thermoset material.  Also interesting is the disappearance of the 
initial plastic hardening peak synonymous with a polymer tested above its glass transition 
temperature.   
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Figure 3.14 – Epoxy stress-strain response for several temperatures shown for the 
first 8% strain 
The combined yield and modulus data over a range of temperature is shown in Figure 
3.15.  The data for yield is divided to represent the use of the 5kN load cell (dark points) 
and 500N load cell (light points) for both datasets.  The modulus data is also compared 
with the values for modulus obtained from DMA testing at the lowest frequency of 0.1 
Hz.  Both the yield and modulus of this epoxy are seen to be highly temperature sensitive, 
while decreasing in similar magnitude with increasing temperature.  The elevated 
temperature yield data is something not typically reported for thermosetting polymers, 
but has a great influence on the observed behaviour of this and other polymers during 
cure.  To model this behaviour mathematically, a simple empirical relation was used as a 
decaying exponential function: 
 𝜎𝑦 = 𝑌1 exp(𝑌2𝑇) (3.4) 
with Y1 and Y2 fitting the exponential for temperatures, T, in degrees Celsius and giving 
a yield stress in megapascals. The yield behaviour below the glass transition temperature 
is set as a constant. 
47 
 
 
Figure 3.15 – Thermal yield and modulus behaviour for epoxy cured at 60C from 
tensile and DMA testing. 
 
3.3.3 Density 
The epoxy density was measured via pycnometry with the AccuPyc 1340 by 
Micrometrics for both a room temperature cure and an elevated cure at 60°C.  For the 
room temperature case, measurements were taken every 20 minutes for the first 6 hours 
of cure, then again at the 16 hour point, and also at 48 hours.  At 60°C, the density was 
measured every 10 minutes for the first hour and a half.  This data is collected in Figure 
3.16.  Room temperature on this particular day averaged a bit high at 24.3°C.  Also, the 
variability in the room temperature data is due to the fluctuating room temperature as the 
air conditioning was intermittent on a rather warm day. 
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Figure 3.16 – Pycnometric density measurements for room temperature and 60C 
isothermal cures 
Note that no statistical distinction can be made between the two temperature tests.  This 
suggests a small value of thermal expansion, which is indeed the case, as indicated on the 
manufacturer’s datasheet.  Though the density does not change substantially over the 
cure, as even a small change will impact the resulting residual stress, it is important to 
model this behaviour as carefully as possible.   
 
3.3.4 Viscoelastic Behaviour 
The cure, temperature, and time dependent modulus were measured in several ways to 
ensure accurate data collection.  First, the previously presented quasi-static tensile tests 
were performed on fully cured samples to gather the room-temperature cured behaviour, 
as in Table 3.2.  Second, fully cured samples were tested on a TA Instruments Q800 
dynamic mechanical analysis (DMA) machine to determine the temperature influence on 
the modulus.  Using the double cantilever beam setup and multi-frequency mode, the 
modulus was measured at 20 frequencies (equally spaced on a logarithmic scale) between 
1 and 100 Hz at each temperature between 30-70°C in 5°C increments.  Finally, using a 
parallel plate rheometer, the AR 2000ex by TA Instruments, liquid epoxy was cured 
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isothermally at 60°C for 6 hours while the modulus was continually monitored at 
frequencies of 0.1, 1, and 10Hz, but using a low applied strain of 0.05% as to prevent the 
experiment from adversely accelerating the cure. 
To begin the data presentation, Figure 3.17 shows typical epoxy and polyester thermal 
response.  The epoxy is very sensitive to changes in temperature, with an abrupt drop in 
modulus past room temperature.  The polyester is more thermally stable, with a gradual 
decrease in performance over a larger temperature range.  Both of the presented curves 
were taken at a frequency of 1Hz using the default isothermal cure cycles as previously 
described.  By composing multiple curves using different loading rates at each 
temperature, the complete temperature response can be determined for one degree of 
cure. 
 
Figure 3.17 – Typical DMA curves for epoxy and polyester measured at 1Hz over a 
range of temperature. 
To model this behaviour, Figure 3.18 shows the rheometric data for the 60°C isothermal 
cure and the relaxation modulus predicted by Equation 2.13 from Chapter 2.  Both the 
modulus components are also shown which indicate a gel point just after the first hour of 
cure.  This data allows the modulus to be determined at any cure point for one 
temperature and one loading rate. 
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Figure 3.18 – Shear modulus, modulus components, and the selected model for the 
60°C isothermal rheometry cure 
In order to combine the data from Figures 3.17 and 3.18, to completely model the 
temperature and cure dependency of the polymer modulus, a link must be made between 
the modulus at a given temperature and the modulus at a given degree of cure.  This is 
done by conducting an extended rheometric test measuring the modulus as the epoxy 
cures for several loading rates.  The difference between the measured values at different 
frequencies becomes the shift factors through which to transform the modulus 
measurements at an arbitrary cure to a modulus at a given time.  Figure 3.19 highlights 
how the modulus viscoelasticity develops past the gel point for several loading rates. 
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Figure 3.19 – Shear storage modulus of a multi-frequency 60°C isothermal 
rheometry cure depicting relaxation behaviour during cure 
 
Figure 3.20 – Polyester and epoxy cure comparison using the 1Hz rheometry data. 
As a comparison, Figure 3.20 presents the 1Hz curve from the polyester rheometry 
testing with the 1Hz curve from the epoxy.  Though the cure temperatures were different 
between the epoxy and the polyester, several comparisons can still be made: the polyester 
cures faster and to a higher degree than the epoxy and the polyester does not exhibit any 
viscoelastic behaviour.  Like the epoxy in Figure 3.20, the polyester was measured at 
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multiple frequencies during cure, but unlike the epoxy, all the rheometry curves 
overlapped suggesting that there was no viscoelastic response, even during cure. 
The final step to describe the complete cure / temperature dependent viscoelastic 
response is to combine the cure dependent modulus values with the temperature 
dependent modulus values using the determined shift factors.  Figure 3.21 is the result of 
this composition indicating how the DMA measurements are time shifted to account for 
the temperature, presented similar to [88].  To interpret how this master curve is utilized, 
consider how the modulus behaves.  A modulus at a given cure is first calculated, then, 
using this curve to determine the effective relaxation time, the temperature is taken into 
account.  At a low temperature, the modulus is determined over a short time (no 
relaxation, high modulus), while at a high temperature the modulus is determined over a 
long time (some relaxation, low modulus). 
 
Figure 3.21 – Shear storage modulus from DMA measurements and the time-shifted 
master curve with reference of 60°C 
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3.3.5 Fracture Properties 
To conclude the presentation of mechanical properties are several tests to determine the 
fracture behaviour of the epoxy.  Though desired, it was not possible to cast the polyester 
with the large, required sample geometry to conduct the same experimental analysis.   
The fracture toughness, or resistance to the propagation of a crack, depends on the mode 
of loading around the crack.  Using ASTM D 5045 [89], the mode I crack opening values 
were determined with large-cast samples to generate a plain strain condition within the 
samples.  The large plate, shown in Figure 3.22, was cast and allowed to cure at 60°C.  
By alternating between a hot plate and a freezer, the samples were prevented from curing 
uncontrollably due to the initial rapid release of energy from the large volume of epoxy.  
A thermocouple was used throughout the cure, which was continuously monitored for the 
first 8 hours, to prevent the epoxy from experiencing a temperature change greater than 5 
degrees.  The lines on the plate indicate where the single end-notch beam (SENB) 
samples were to be separated and cut; for reference, the plate thickness was 26mm. 
 
Figure 3.22 – Thick epoxy plate as-cast, prior to the fabrication of the SENB 
samples. 
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Two of the created samples were tested as fabricated with the rounded-cut groove.  The 
remaining two samples received an additional pre-crack by tapping a razor blade at the 
bottom of the larger machined crack.  This allowed a comparison of the energies 
associated with both the crack initiation and crack propagation.  However, the low 
number of samples implies that sample statistics cannot be calculated in this instance.  
Additionally, as the samples were cast longer than required, the end of one sample was 
used to perform an indentation test to determine the machine compliance, reducing error 
from the tested samples.  The data is presented in Figure 3.23, showing the indent graph, 
the two samples without a sharp crack, and the two samples with the sharp crack.  Using 
the analysis of Bakker [90], the K1c and G1c values are given in Table 3.3.   
 
Figure 3.23 – K1c test data with calibration indent, two samples with a sharp pre-
crack, and two samples with a rounded pre-crack. 
Similar to the ASTM 5045 testing, an asymmetric loading test after Slepetz is used to 
determine the K2c and G2c values [91].  This test was conducted using the Isopescu test 
geometry of ASTM D 5379 [92], but using the loading depicted in Figure 3.24. 
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Figure 3.24 – Asymmetric four point load configuration from [45] after [91]. 
Besides the change in loading mode, the only difference in the analysis is with respect to 
the determination of the value for the crack magnification factor.  As the sample sizes 
were similar, the crack factor from Yoshihara was used [93].  The values for the K2c and 
G2c samples are also in Table 3.3.  Since these samples are tested under a plain stress 
condition, the required sample geometry was greatly reduced, and a full sample series 
was possible to generate the appropriate statistics. 
Table 3.3 – Fracture properties of neat epoxy. 
Property Value Confidence Units 
K1c 1.47 7.8 % error MPa·m
½ 
G1c 0.78 9.9 % error kJ·m
-2 
K2c 2.34 ± 0.09 S.D. MPa·m
½ 
G2c 1.67 ± 0.17 S.D. kJ·m
-2 
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4 Interfacial Strength 
Determining composite interfacial strength is the primary aim of this research.  Three 
currently available techniques, the fragmentation test, the push-out test, and the lap shear 
test are selected for further study.  The fragmentation test is presented as a datum test, 
without modification, to provide a lower bound to all interfacial measurements.  The 
push-out test is modified to generate simplified in-situ results for industrial composites.  
The lap-shear test is modified to provide quantitative results of the impacts of polymer 
processing and fibre surface preparation.  The lap-shear test is further utilized to 
distinguish between interfacial normal and interfacial shear strength, something 
previously missing in the literature.  Using these tests, the interfacial strength is assessed 
under a variety of conditions including fibre surface chemistry, degrees of polymer cure, 
polymer fillers and temperature.   
 
4.1 The Fragmentation Test 
Though known to underestimate the interfacial shear strength (IFSS) [6, 52], the 
fragmentation test is a relatively simple test to indirectly determine the properties of the 
fibre-matrix interface, and is considered well-understood [47, 94, 95].  As will be 
explored later in the simulation section, one reason for this underestimation of strength 
has to do with the dynamic nature of the fracture events and the resulting stress waves 
that can cause additional fracture. 
Continuing from the work of Bruce [96], a split aluminum mould was used to fabricate 
the fragmentation samples.  Pictures of the sample mould were previously shown in 
Figure 3.11.  The mould follows similar geometry to the ASTM D638 type V sample 
geometry, but with extended tabs for better sample grip, and importantly, to ensure stress 
was gradually applied to the fibre for better uniformity in the fibre breaking.  For these 
tests, TG-18-u glass fibres from JB Martin and T700 carbon fibres from Toray were used; 
both types of fibres were ordered with epoxy-functionalized sizing. 
57 
 
Between the mould segments there is a small recessed groove at either end of the tensile 
sample through which to slide a fibre.  This allows the fibre to be suspended at the 
midpoint of the sample while the polymer is curing.  In order to get good images of the 
embedded fibre, the mould must be open-air cured, with nothing touching the exposed 
surface.  Also important is to slightly over-fill the mould, with a raised meniscus, such 
that the cured sample will be as optically flat as possible.   
To prepare the fibres, sections of the unidirectional fibre bundles were cut and cleaned.  
As-delivered, the fibres were coated with an epoxy-compatible sizing which was not 
disclosed by the manufacturer.  Sizing is a proprietary collection of chemicals designed to 
modify the surface of a fibre, typically containing a coupling agent, a wetting agent, and 
other additives to protect the fibre during transportation.  To understand the impact of 
different coupling agents, the fibres were baked at high temperature (~600C) to burn 
away these unknown polymer coatings and rinsed in ethanol.  This process was repeated 
twice before known silanes were applied.  The selected silanes were applied by 
deposition from aqueous alcohol: diluted to 2% in a 95% ethanol/5% water solution as 
recommended by industry [97].  This solution pH was controlled to the range of 4.5-5.5 
with glacial acetic acid.  The cleaned fibres were immersed in this solution for 60s before 
being rinsed in ethanol and baked at 100C for two hours to cure the silanes to the glass 
surface.  Only the glass fibres were prepared in this way; the carbon fibres were left with 
the original sizing as the burn process would likely have caused excessive damage to the 
underlying carbon fibre.  
Using the prepared mould, fibres, and mixed epoxy, fragmentation samples were cast at 
60°C for 4 hours.  The samples were tested on an Instron 5943 single column load frame 
at a constant displacement rate of 1 mm/min until a given strain was reached, at which 
point the displacement was held for 2 minutes.  To track the strain, a 25mm clip gauge 
extensometer was fitted around each fragmentation sample to measure the strain, but not 
damage the sample.  Fragmentation testing requires that the polymer have a greater 
strain-to-failure than the fibre in order that the fibre can be properly loaded and fragment 
without the surrounding matrix failing first.  The epoxy was loaded to a strain of 4%, 
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while the polyester could not be tested in this fashion, as its strain to failure of 1.9% was 
less than that of the glass fibres (2.4%) used in these studies.   
Images were taken of each sample gauge length before and after tensile testing.  The pre-
testing images were used to ensure the fibre was properly located within the sample, to 
ensure the fibre did not break during fabrication, and to measure the fibre diameter.  The 
post-testing images were used to optically measure the fragmented sections.  Figure 4.1 
illustrates one such sample, depicting the sample prior to testing, and showing the break 
patterns following testing.  The fragmented section lengths were recorded along the 
center of each fibre segment. 
 
Figure 4.1 – Fragmentation sample a) pre-testing b) post-testing fragments c) high 
magnification break pattern. 
The magnified section of a typical fibre break in Figure 4.1b-c suggests several things.  
First, the fibre is breaking in a consistent brittle, tensile manner, as evidenced by the 
regular spacing and vertical fracture.  If the fibre were not in line with the tensile sample, 
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it would be expected to experience a bending load, which would manifest as angled 
fracture segments, and would jeopardize the accuracy of the interfacial strength 
calculation.  The small crack propagation into the matrix confirms the matrix is relatively 
tough and able to continue stress transfer across a fibre break.  Also seen in most images 
is a lack of debonding along the fibre length, suggesting a strong interface.  Figure 4.2 is 
taken with polarized light to image the matrix deformation around several broken 
segments.  This technique was used to determine the effective loading radius around the 
fibre for future simulations.  It was found that at minimum five fibre diameters into the 
matrix is required for the load transfer to be effective, as has been observed by other 
authors [94]. 
 
Figure 4.2 – Fragmentation break pattern a) without and b) with cross-polarized 
lenses to indicate the size and geometry of yielded matrix around fibre. 
By recording the length of all broken fibre segments it is possible to determine the 
statistical average fibre length.  A minimum of 100 segments were measured for each 
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type of sample.  The results from one of the glass / epoxy fragmentation samples is 
presented in Figure 4.3 with a superimposed Gaussian curve.  While it was expected that 
a normal distribution of fibre lengths should be observed, the range of values was larger 
than traditional theory.  According to Drzal, the fibre length, l, should vary between the 
critical transfer length, lc, and half the critical transfer length [98]: 
 
𝑙𝑐
2
≤ 𝑙 ≤ 𝑙𝑐 (4.1) 
However, newer work from Favre and Drzal have determined this is not the case, 
suggesting a wider range of fragment lengths is possible, as was actually observed [47, 
99].   
 
Figure 4.3 – Length distribution from epoxy/clean glass fragmentation samples with 
superimposed Gaussian distribution 
By applying the traditional shear lag theory of Cox [34], Kelly and Tyson [46] 
determined a simple relation between the interfacial shear stress, 𝜏𝑖, the fibre diameter, d, 
the strength of the fibre in tension, 𝜎𝑓
∗ , and the critical transfer length: 
 𝜏𝑖 =
𝜎𝑓
∗𝑑
4𝑙𝑐
 (4.2) 
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From the work of Feih et al., the critical transfer length is equal to 4/3 the mean length of 
the measured fibre segments [95].  This is one method to account for the distribution of 
fibre strength, and results in the modified interfacial shear strength as: 
 𝜏𝑖 =
3𝜎𝑓
∗𝑑
16𝑙𝑚
 (4.3) 
where lm is the average fibre length.  The fibre strength was provided by the manufacturer 
as 2600 MPa for the glass fibres and 4900 MPa for the carbon fibres.  Using Equation 
4.3, the data yields the interfacial strength for the various tests.  These results for the 
glass /epoxy samples are collected in Table 4.1, below, while the carbon samples require 
additional discussion before the results can be presented.  Note these values do not 
account for the lap-shear disk thickness and are reported for thicknesses of approximately 
0.20 mm. 
Table 4.1 – Interfacial shear strength of the epoxy / glass fragmentation tests. 
System 
Interfacial shear 
strength, 𝜏𝑖 
Epoxy / clean glass 32.4 ±4.2 MPa 
Epoxy / Z6020 glass 31.2 ±3.1 MPa 
Epoxy / Z6030 glass 24.7 ±2.6 MPa 
Epoxy / Z6040 glass 36.3 ±3.7 MPa 
The Epoxy / Z6030 coated glass samples were the only ones to indicate a “weak” 
interface.  At the point a fibre fractures, excess strain energy is introduced to the 
surrounding matrix and interface, which can cause debonding along a weak interface.  A 
weak interface is relative to the yield strength of the matrix.  Figure 4.4 presents one 
segment of a fragmented fibre which was coated in the Z6030 silane.   
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Figure 4.4 – Break pattern for epoxy/Z6030 coated glass of a) break distribution b) 
single debond section c) matrix yielding under cross-polarized filters 
Here several features of the fracture events are notably different from those presented in 
Figure 4.2.  There is a measurable darkened area around both fibre ends at a point of 
fracture indicating the extent of the interface debonding.  There is almost no crack 
extending into the matrix surrounding a fibre break, as the interface consumed this energy 
rather than the matrix.  Further, the polarized image in Figure 4.4c shows substantially 
less matrix deformation surrounding a fibre than that seen in Figure 4.2c.  Using these 
images, it is possible to estimate the interfacial debond energy using the equation 
introduced by Zhou [48].  With an average debond length of 119.4 ±11.8 µm, the 
interfacial debond energy is calculated as 506.9 ±50.5 J/m2. 
The carbon fibre samples presented additional difficulty to analyze.  Figure 4.5 shows an 
image of the two additional issues: fibre pairs and residual twisting.  During industrial 
fabrication of these PAN-based carbon fibres, they are evidently twisted together, which 
permanently deforms their shape.  Though the twisting is expected to change the 
fragment transfer length, as the twist was small (about one fibre diameter), no correction 
was made to the measured fragment length. 
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Figure 4.5 – Carbon fibre fragmentation sample. 
However, the number of fibres is important consider.  Due to their size and the fibre 
twisting, it was not feasible to isolate a single carbon fibre long enough to be used in the 
fragmentation samples; thus, pairs of fibres were used.  This caused the effective fibre 
diameter to change.  Using the work of Bruce [96], an expression to determine this 
effective diameter was employed: 
 𝑑𝑒 = 𝑑√𝑛𝑓 (4.4) 
where de is the effective diameter, d is the average fibre diameter, and nf is the number of 
fibres.  Using this diameter in place of a single fibre diameter, the carbon / epoxy 
interfacial shear strength was determined as 45.0 ±7.0 MPa. 
 
4.2 Modified Push-out Test 
A second method to measure the interfacial shear strength is with the push-out test, here 
modified with improved geometry.  In the standard push-out test, a thin sample must be 
prepared such that the flat surface is normal to the fibre(s) [42, 100].  It can be 
troublesome both to prevent damage during sample preparation and to properly support 
the thin sample during indentation testing.  Here, a sample is created from a bulk 
composite by means of focused ion beam (FIB) milling.  The novelty is that many 
samples can be created from an industrial composite without the trouble of creating a thin 
section.  Further, by controlling the geometry, the matrix becomes self-supporting, and 
eliminates the need for an external fixture or to properly locate the sample within the 
fixture.  Figure 4.6 presents a 3D model of the sample geometry.  In Figure 4.6a), the 
interfacial area is highlighted in white, while Figure 4.6b) indicates the undercut angle.  
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The undercut was a limitation imposed by the maximum rotation of the FIB beam, but 
could be eliminated with some sample refinements if desired.  This work was initially an 
exploratory study to test the feasibility of using such a technique to measure the 
interfacial properties of fibre composites.  Thus only three carbon/epoxy samples and 
three glass/epoxy samples were commissioned, with and additional three glass/epoxy 
samples that had been fabricated using plasma etching. 
 
Figure 4.6 – Schematic model of push-out sample: a) 3D rotated view with bond 
area highlighted b) 2D cutaway side view with indicated 26° undercut angle. 
To create these samples, glass fibre and carbon fibre reinforced epoxy sheets were made 
in a traditional hand-layup method (the same fibres as used in the fragmentation studies).  
The default 60°C, 4hour cure was used for all the samples.  Rectangular samples were cut 
and mounted perpendicular to the fibre axis using cold-mount epoxy, so as to prevent any 
change in cure state or damage from thermal cycling using a hot mount process.  Once 
the samples were appropriately polished, fiducial cuts were created using a low-speed 
diamond saw as seen in Figure 4.7.  These cuts became the basis for selecting, locating 
and milling the micro-pillar samples.   
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Figure 4.7 – Mounted and polished carbon fibre composite with fiducial cuts, spaced 
1mm apart on center; letters indicate locations of the push-out samples. 
 
Figure 4.8 – SEM image of flat-top Berkovitch indenter. 
The samples were tested using a micro-indentation machine, the NanoTest by Micro 
Materials Ltd., using a 10µm flat Berkovitch indenter, a picture of which is shown in 
Figure 4.8.  The generated force-displacement data is collected using displacement 
control at a rate of 0.5 mN/sec until a predetermined displacement of 6 µm was reached, 
followed by unloading at a rate of 2 mN/sec.  The load is measured as the change in 
capacitance of a parallel plate capacitor, which is temperature corrected individually for 
each test.  The data from the FIB milled glass/epoxy pillars is presented in Figure 4.9. 
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Figure 4.9 – Glass epoxy push-out test results for the three FIB milled samples: a) 
Load-displacement curves b) corrected stress-displacement curves 
The considerable scatter is directly connected to the diameter of the fibres which ranged 
from 16 – 20μm.  To compare the samples, the shear stress was computed as the force 
acting on the initial bonded fibre area of each sample individually.  To determine the 
contact area of the bonded section, a finite element model was used, as seen previously in 
Figure 4.6, while the dimensions were taken from SEM micrographs for each fibre.  Data 
below 5MPa was discarded to eliminate toe-in effects, and the three curves were aligned 
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by shifting the displacement data such that each sample’s compliance intersected the 
origin. 
Four regions, consistent to all the tests, can be understood as: initial elastic loading, 
friction and matrix yield, a second rise in slope, and the sample unloading.  The second 
rise in slope is an artefact of the test setup, consistent with the exposed end of the fibre: 
the punch is bottoming out on the surrounding epoxy.  To determine the interfacial shear 
strength, or the departure from linear behaviour, an offset compliance slope is used.  As 
shear strain is not measured, the offset is made by taking an average compliance of the 
three samples and shifting by a consistent displacement of 0.1μm.  Data for the 
carbon/epoxy samples is presented in Figure 4.10 with the same slope alignment and 
offset slope present. 
 
Figure 4.10 – Stress-displacement curves for the carbon / epoxy FIB milled samples. 
There already exist rigorous methods to analyze the micromechanics of the stress transfer 
across the fibre-matrix interface for long embedded fibres (length >> diameter) [101, 
102].  Netravali [44] demonstrated that as the sample thickness becomes small (4-10 fibre 
diameters), the shear stress can be approximated as uniform.  In the present study, the 
embedded length is always less than two fibre diameters, so a similar uniform shear stress 
is assumed.   
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The sample undercut angle poses a challenge to the constant shear stress assumption prior 
to interfacial debond.  Therefore, a simple finite element model was constructed to 
perform a linear elastic analysis.  Using symmetry, a half meshed model is shown in 
Figure 4.11, with the three hidden surfaces having roller boundary conditions.  The model 
uses approximately 330,000 solid elements, large displacements and a compatible 
surface-to-surface no penetration bonding condition (most accurate).  The same 
dimensions of fibre A in from Figure 4.9b was used to simulate the effect of a fibre with 
a displacement of 1 μm (applied at the top fibre surface).  The resulting shear stress is 
presented in Figure 4.11c) and indicates a near-uniform interfacial shear stress on par 
with that measured experimentally.   
As a secondary confirmation that the measured stress is in fact the interfacial shear 
strength, a fractographic analysis can be performed.  Figure 4.12 presents a pre- and post-
testing image for each type of sample.  The post-testing samples maintain their alignment 
indicating that the fibres did not bend or break during testing.  Though there is some 
epoxy retained on each fibre near the FIB cut-out, all fibres exhibit an otherwise clean 
surface suggesting that the interface did separate.  The observed matrix cracking is 
expected to occur during the end of the plastic deformation plateau as the frictional force 
drags the top surface down causing crack on the upper plane.  Since the focus is not on 
the matrix plasticity phenomena, the interfacial shear strength can be determined from the 
stress-displacement curves obtained at the point of departure from elastic loading.  Due to 
the presence of a consistent interfacial strength and flat frictional sliding behaviour it is 
possible that steady state crack growth was obtained using this geometry – something 
notoriously difficult to achieve – but requires further research to prove. 
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Figure 4.11 – Finite element results for the a) tetrahedral solid element mesh b) 
normal stresses to the fibre interface c) shear stresses at the fibre interface, using 
properties for the glass/epoxy samples. 
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Figure 4.12 – Comparative micrographs pre and post fracture for a single sample of 
a) carbon fibre FIB b) glass fibre FIB c) glass fibre plasma etch. 
All the interfacial shear strength (IFSS) measurements from the push-out tests are 
collected in Table 4.2 with population standard deviations.  Both glass sample production 
techniques yielded similar strengths and when averaged together, the reported IFSS value 
is 35.26 ±2.53 MPa.  Future testing should utilize the plasma etching process as it is 
faster and cheaper than the FIB process, and yields cleaner polymer and glass surfaces. 
Table 4.2 – Interfacial shear strengths of modified push-out tests. 
Material system Fabrication Interfacial shear strength, τi 
Carbon / epoxy FIB 52.01 ±3.27 MPa 
Glass / epoxy 
FIB 34.26  ±3.74 MPa 
Plasma etch 36.25  ±1.51 MPa 
 
4.3 Modified Lap-shear Test 
A lap-shear test has long been used to test the adhesive strength of joints, but typically 
only as a qualitative comparison [36, 103-105].  Using a modified version of this test, 
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quantitative results of the interface can be obtained.  Newer methods have recently been 
proposed to arrive at the interfacial shear and interfacial normal strengths [106-109].  
This described model system offers a simplified, cost effective sample and rapid testing.  
The forthcoming presentation forms the bulk of the interfacial studies, comprising some 
300+ samples under a wide range of test conditions. 
In this model system, glass is used as the substrate in the form of a microscope slide, 
while a common epoxy is the polymer matrix [109, 110107].  A Teflon mask is employed 
to control geometry, shown schematically in Figure 4.13.  To properly recreate the 
interface of a true glass fibre / epoxy composite, the glass surface of the model system 
must match that of the fibre.  To achieve this end, microscope slides were first cleaned 
and baked to dehydrate the surface.  Additional testing with silanes required the cleaned 
glass slides to be coated in silane as per the procedure for the fragmentation samples.  
 
(a)    (b) 
Figure 4.13 – Schematic diagram of a lap-shear specimen assembly with 
dimensioned Teflon mask. 
The Teflon mask was prepared from PTFE 5490 film tape provided by 3M.  Sectioned 
pieces were punched with a 3mm diameter hole and partially cut with 4 near-through slits 
to ease removal (Figure 4.13b). The Teflon masks were held in place during sample 
assembly by a piece of electrical tape on one of the glass slides.  Using a disposable 
pipette, mixed epoxy was dropped into the mask of a ready slide.  A second slide was 
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immediately placed on top of the first to create the lap shear sample.  The samples were 
placed on a metal baking sheet with appropriately sized spacers to keep the samples level 
during the cure cycle shown in Figure 4.14.  A small piece of metal was used as a straight 
edge to align the top and bottom slides (not pictured). 
 
Figure 4.14 – Fabricated lap-shear samples after cure. 
Following sample assembly, samples were cured at 60°C for 4 hours, unless otherwise 
indicated.  Prior to testing, each sample was imaged using an optical microscope to 
measure and account for any entrapped air that may have developed during the cure 
stage.  Excess epoxy from each series was also cast into flat coupons for hardness testing 
using a Shore D durometer.  For the Shore measurements, measurements from a 
minimum of 6 locations were averaged.  Figure 4.15 presents three imaged samples 
indicating their measured porosity.  The measured porosity was used to determine the 
corrected lap-shear area through which the shear stress was applied. 
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Figure 4.15 – Lap-shear samples of 0.05 mm mask thickness from a reflected light 
optical microscope showing a) low porosity of 1.1% b) typical porosity of 5.7% c) 
moderate porosity of 13.5% 
Using an Instron 8804 load frame and a 5kN load cell, the samples were tested under a 
constant displacement rate of 0.5 mm/min.  Initially, the glass plates broke when 
attempting to tighten the apparatus grips.  This was prevented using appropriately sized 
rubber inserts around the glass to increase the gripping compliance, as shown pictorially 
in Figure 4.16.  The first samples were tested in tension; but here the glass fracture 
toughness was a problem, since solved by testing samples in compression.  A 12.5 mm 
gauge extensometer was attached to each sample prior to testing to capture strain data 
independently.  For the lap-shear samples, electrical tape was attached above and below 
the lap joint to prevent the knife edges of the extensometer from slipping on the smooth 
glass surface; spacers were also added to ensure the extensometer correctly measured 
vertical strain.  To reduce the impact of any foreign contaminates or exposure to 
atmosphere the Teflon mask was removed just prior to testing.  Unless otherwise 
indicated, samples were tested at room temperature within 12 hours of sample 
fabrication.  Humidity was neither measured nor controlled in the testing environment.  
The tests are presented in logical fashion to build the presentation of the test method, 
rather than chronologically. 
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Figure 4.16 – Schematic diagram of the lap-shear compression test setup. 
A first test is to perform a sort of convergence study to determine the optimal mask cut-
out hole diameter.  Figure 4.17 shows three of the four sizes of hole used.  The smallest 
size of 1.5mm, not pictured, resulted in all the samples failing to cure properly.  It seemed 
that any air introduced into the hole cavity of the smallest samples formed a complete 
pocket of air within the hole, and no resin was left bonding the upper and lower glass 
surfaces.  The hole sizes that produced testable samples was 3mm, 6mm and 9mm, as 
shown in Figure 4.17.  None of the 9mm samples survived testing as the bonded area was 
too large, causing a high stress which first fractured the glass.  Half of the 6mm samples 
also caused the glass substrate to fracture during the testing, while all of the 3mm 
samples survived and provided useful interfacial data.   
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Figure 4.17 – Clean glass / neat epoxy convergence test samples with a) 3mm b) 
6mm c) 9mm disk diameters. 
From the fracture behaviour alone, the 3mm size mask is determined as the most reliable 
to measure the interfacial stress consistently.  However, one difference is presented in a 
comparison of a 6mm sample and 3mm sample.  Though the loads are dramatically 
different as would be expected for a larger bonded area, the shear stress and strain are 
presented in Figure 4.18.  As the method to determine the shear stress has not yet been 
presented, it will be taken as a simple force per unit area relation, with no other 
corrections to the data.  Due to the lower loads recorded, the 3mm data is more 
susceptible to signal noise.  Also, none of the 6mm samples which generated useful data 
presented with a peak load around the matrix yield strength, instead easing into a flat 
plateau as seen, suggesting the peak in the 3 mm data is artificial. 
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Figure 4.18 – Comparison of shear stress-strain relationship between 3mm and 
6mm mask hole diameters for clean glass and neat epoxy samples. 
Before presenting all the tested variables the stress analysis is presented to comment on 
the necessary data corrections.  The goal with these lap-shear tests is to qualitatively 
obtain the interface failure shear stress.  Upon inspection of Figure 4.19a), a moment 
results from the axial loading of a lap-shear sample.  The free body diagram in Figure 
4.19b) indicates the induced shear stress and normal stress distributions.  This initial 
analysis assumes the epoxy disk is free of defects or porosity, which would otherwise 
cause stress concentrations. 
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(a)   (b) 
Figure 4.19 – Lap-shear loading and stress distribution in the epoxy disk. 
To begin, the average shear stress is given by Equation 4.5, which can be directly 
determined from the applied load and sample geometry: 
 𝜏̅ =
𝐹
𝐴𝑜
 (4.5) 
where F is the applied force, and Ao is the area of the disk bonded to the substrate.  The 
shear strain is calculated as: 
 𝛾 = arctan (
𝛿
𝑡𝑜
) (4.6) 
where δ is the incremental displacement of the measured by the extensometer, and to is 
the initial thickness of the polymer disk, measured prior to testing by a micrometer.  The 
resultant normal stress arising due to the bending moment form the offset of the glass 
slides is, however, not immediately obtainable.  If it is assumed that the substrate is rigid 
and does not bend during loading, which is considered valid so long as Esubstrate >> 
Epolymer, then the result is a linear distribution of normal strain across the disk height.  The 
strain, then, is ε = Cr, where C is some constant and r is the radial distance from the 
center of the disk measured in the direction of loading.  The normal force can then be 
calculated considering the applied force: 
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 𝐹𝑁 = 𝐶𝑟𝐸𝐴𝑜 (4.7) 
Where Ao, the area, can be expressed in terms of a radial integration: 
 𝐴𝑜 = 2 ∫ √𝐷2 − 𝑟2𝑑𝑟 (4.8) 
D is the radius of the disk.  Substituting (4.8) into (4.7) and taking the moment about 
point O in Figure 4.19b), the unknown constant C can be isolated as: 
 𝐶 =
𝐹𝑡𝑜
8𝐸𝑚
[∫ 𝑟2√𝐷2 − 𝑟2𝑑𝑟
𝐷
0
]
−1
 (4.9) 
The value of the constant is a function of the applied force, the disk geometry, and the 
material properties.  Solving the definite integral yields a normal force distribution across 
the disk as seen in Figure 4.20.  In a perfect disk, this corresponds to a linear distribution 
of normal stress, as the area the force acts upon changes proportionally.  The normal 
force is at maximum at some radius less than the disk radius – notably important when 
considering the effect and location of any matrix porosity. 
 
Figure 4.20 – Normal force distribution along centerline of epoxy disk running 
parallel to the applied load. 
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Now that the normal and shear stresses are known, the von Mises stress distribution over 
the disk can be plotted. Setting the force to a typical value (F = 175N), the von Mises 
stress are shown in Figure 4.21 for several disk thicknesses.  As expected, the shear stress 
is the primary contribution to the von Mises stress, with the normal stress causing only a 
slight increase near the edge of the disk.  Increasing disk thickness causes an increase in 
the von Mises stress due to the increasing component of normal stress, particularly 
evident at the edges of the disk. 
 
Figure 4.21 – Von Mises stress as a function of position along the centerline of the 
disk, shown for disk thicknesses of 0.10 mm, 0.18 mm and 0.27 mm. 
The Von Mises stress distribution suggests several things about this lap-shear geometry.  
The peak stresses at the edge of the disk indicate the expected starting location for the 
failure at the interface.  Also, both the location and size of any porosity will matter to the 
resulting increase in stress, with larger porosity and porosity located near the upper and 
lower disk edges having the greatest impact.  Thus corrections to the raw force-
displacement data need to be made before calculating the shear stress and shear strain.  
First, a minor correction is applied to the raw data to account for the elastic loading of the 
glass plates within the extensometer gauge.  A rectangular area the same width as the 
glass slides and the same length as the extensometer gauge is calculated, with the 
maximum correction <2.5% of the strain value of the epoxy disk at peak load.  Another, 
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more significant correction is made to account for any porosity within the epoxy disk 
after it has cured.  Using images like those of Figure 4.15, the porosity is measured in 
each sample assuming cylindrical pores.  The bonded area is then reduced by the total 
pore area, correcting the shear stress.  No correction is made for the normal stress as it 
would require a careful analysis of not just the area of each pore, but also the location 
relative to the loading direction, which was not feasible for the many experimental 
studies.  This is deemed acceptable as the normal stress contributes little to the von Mises 
equivalent stress from Figure 4.21.  Future work could retroactively examine each image 
and provide a more accurate correction to the recorded stress.  Figure 4.22 highlights a 
sample of the raw data obtained by compression loading a lap-shear sample created with 
Z6040 coated glass, neat epoxy, a mask thickness of 0.18mm, and the default cure 
schedule, while Figure 4.23 presents sample curves for polyester and Z6030 coated glass. 
 
Figure 4.22 – Typical shear stress-strain curves for epoxy / Z6040 coated glass. 
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Figure 4.23 – Typical shear stress-strain curves for polyester / Z6030 coated glass. 
The differences in the polymer behaviour are again evident with the polyester indicating 
no significant shear yielding.  Also, the brittle polyester is a bit more susceptible to the 
issues with porosity, so a slightly larger sample size is required to generate an acceptable 
statistical distribution for the interfacial shear stress.  The IFSS value is taken as the 
highest stress reached before failure.   
Here, another question is asked in regard to the effects of the glass surface itself, before 
the presentation of modified testing parameters, to rule out possible impact with the 
fabrication of the glass slides.  When plate glass is made, it is floated on a bed of molten 
tin, giving rise to its alternate name: float glass.  This has the effect of producing two 
slightly different surfaces: the upper surface with higher oxides, and the lower surface 
with higher concentration of embedded tin atoms.  Using a short wave ultraviolet light, 
the tin-side of the glass is identified as the one which gives a soft white glow, as opposed 
to the shiny purple side.  Lap-shear samples were made using a random selection of glass 
slides, some with only the tin side selected, and some with only the oxide side selected.  
Figure 4.24 presents the results of the glass surface testing. 
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Figure 4.24 – Interfacial shear strength results from random, tin-only, and oxide-
only cleaned glass surfaces with epoxy.  Also compared are samples made using e-
glass rather than the float glass. 
Since no statistical distinction can be made between the samples created with different 
selected glass surfaces, the glass selection will be ignored in the subsequent testing.  
Along the lines of questioning the glass surface is questioning the glass type.  The typical 
glass in a composite is e-glass, which typically has lower silicon dioxide and higher metal 
oxide content than its float glass counterpart.  While producing e-glass fibres, Johns 
Mansville was kind enough to extract some liquid e-glass for use in this comparative 
study.  From the molten e-glass, they subsequently cast a rectangular plate and annealed 
the plate before transportation.  In order to use this glass, it was sectioned using a 
diamond saw and polished to the same degree as the microscope slides.  Figure 4.25 
presents the as-delivered and stages of glass preparation which was a time-consuming 
operation.  From the fabricated plates in Figure 4.25c) lap shear samples were made in 
the same fashion as previously described to determine the IFSS value with e-glass. 
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Figure 4.25 – Fabrication process of e-glass samples showing a) as-delivered plate b) 
cut blocks c) thin-cut samples prior to polishing. 
Referring back to Figure 4.24, the interfacial strength compared between the plate glass 
and the e-glass samples is different, but only slightly.  Thus if it is accepted that all the 
results from the lap shear testing will be slightly higher with plate glass than their e-glass 
counterparts, the testing can proceed using the more widely available plate glass 
microscope slides. 
Having addressed the initial setup questions with the modified lap-shear geometry test, it 
is now possible to proceed in analyzing the variables which influence the interfacial 
strength.  A first test follows from the work done analyzing the effects of cure on the neat 
polymers.  Using the same mask thickness, neat epoxy, and uncoated glass slides, the 
effects of cure temperature are seen in a recreation of the same test for the neat epoxy.  
Figure 4.26 presents the effects of the measured interfacial shear strength as a function of 
cure temperature.  The work-of-fracture is also presented which nicely matches that of 
Figure 3.13.  The same logic follows that as the cure degree increases, there are more 
bonds formed with the glass surface increasing the measured interfacial strength, but at 
the expense of the matrix ductility. 
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Figure 4.26 – Shear strength and work of fracture for the epoxy / clean glass system 
as related to cure temperature. 
Another test suite examined the effect of the mask thickness on the interfacial strength, 
which effectively determines the resulting epoxy disk thickness.  Since the polymer disk 
must be some finite thickness, the true interfacial shear strength must be extrapolated by 
linear regression.  Figure 4.27 presents the interfacial strength values vs. disk thickness. 
 
Figure 4.27 – Interfacial shear strength as a function of polymer disk thickness for 
both epoxy and polyester bonded to clean glass. 
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Disks with an aspect ratio (thickness / diameter) greater than unity are not recommended 
as additional failure modes may be incurred and keeping the substrate plates parallel 
during testing becomes challenging.  The regressions from Figure 4.27 give interfacial 
shear strengths of 42.9 MPa and 37.0 MPa for the epoxy and polyester respectively.  
Recall, from Figure 4.20a), the imposed moment within a lap-shear sample, which gives 
rise to a change in loading mode.  As the disk thickness approaches 0, the loading mode 
approaches a pure mode II (in-plane shear) condition.  But when the disk thickness is 
increased, there is an added mode I component meaning the failure is now a function of 
the mixed-mode loading condition.  This is also evidenced by the types of fracture 
observed within the different disk thickness samples seen in Figure 4.28. 
 
Figure 4.28 – Fracture surfaces from samples of various thicknesses taken under 
polarized light along with their original (before fracture) image.  Loading direction 
is left-right; the images have been rotated and aligned to ease comparison.  The top 
and bottom fracture surfaces correspond to both the placement of sample in grips 
and assembly location within oven. 
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As the mode I component increases with the increase in disk thickness, the disk begins to 
peel, and there is no longer any evidence of inter-disk fracture occurring.  One conclusion 
that can be made is that the mode I interfacial strength must be less than that of the mode 
II interfacial failure strength.  Thus a separation into the interfacial shear and interfacial 
normal strengths is required to fully capture the dynamics of the interfacial failure and 
debond phenomena. 
To test the normal interfacial strength, a series of samples were created with unique 
geometry to be tested in tension.  A mask with a larger 6mm hole was used, to 
compensate for the normal failure stress, which was expected to be less than that of the 
shear failure stress.  First, the samples were created and cured similar to the lap shear 
samples.  Then the samples were mounted between two 6061-T6 aluminum T-brackets 
with Hysol 9396, provided by the Henkel Corporation, and cured at room temperature.  
The addition of the aluminum brackets was to facilitate gripping the samples during 
testing.  Critically, the alignment of the upper and lower T-brackets was held in place 
during cure by a rigid fixture.  A 5mm hole was drilled into the side of the aluminum 
brackets prior to assembly for the attachment of an extensometer.  Figure 4.29 shows the 
final setup just prior to testing, with the Teflon mask removed. 
 
Figure 4.29 – Test setup for interfacial normal strength testing with arrows to the 1) 
wedge grips, 2) mounted sample, and 3) extensometer. 
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Since the extensometer is now recording strains which encompass the additional 
aluminum and Hysol layers, an additional elastic correction is made to the strain data.  
Figure 4.30 presents some sample data for epoxy bonded to clean glass. 
 
Figure 4.30 – Lap-shear data for the modified samples in mode I testing. 
Due to the small, constrained geometry of the epoxy, the strengthening behaviour of the 
epoxy is suppressed as the interfacial normal strength is first reached.  This explains the 
lack of negative hardening in Figure 4.30 as would have been expected from the epoxy 
tensile testing from Chapter 3.  To combine the mixed mode results together, an 
acceptable failure criterion at the interface needs to be imposed.  The work of Hashin 
comes to mind when considering the effects of a brittle interface [111].  He proposed that 
the interface behaves as a combination of the mode I and mode II strengths as: 
 (
𝜏
𝜏𝑖,𝑓
)
2
+ (
𝜎
𝜎𝑖,𝑓
)
2
≥ 1 (4.10) 
Together with the normal interfacial failure stress, the samples from Figure 4.27 can be 
re-plotted with respect to the failure mode, as shown now in Figure 4.31.  To provide a 
reference to the data, the Hashin criterion, Equation 4.10, is also shown for reference.  
The normal interfacial strengths were determined as 24.5 ±1.1 MPa and 15.7 ±0.9 MPa 
for the epoxy and polyester respectively. 
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Figure 4.31 – Experimental interfacial failure for epoxy and polyester lap-shear 
tests plotted with the Hashin failure criterion. 
Not only is it evident that the data conforms well to the accepted theory, but it 
demonstrates that high degrees of mixed-mode loading are possible with the lap-shear 
test.   
To give this data some perspective, the current results are compared against the literature 
for similarly tested systems as in Figure 4.32.  With confidence that the test is useful in a 
qualitative sense and that it can capture both shear and normal strengths effectively, it is 
necessary to examine the impact of modified systems on the interfacial bond.  It has long 
been known that a coupling agent improves the chemical bonding between a glass 
polymer interface [112, 113].  In this work silanes were selected as appropriate coupling 
agents for their applicability to the material systems being studied. 
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Figure 4.32 – Comparison of interfacial shear strengths against similar composite 
systems found in the literature [36, 75, 100, 114]. 
The next series of tests were run to compare the effect of different coupling agents on the 
glass, as was done with the fragmentation tests.  All the coupling agents were applied 
using the same method as described for their application with the fragmentation samples.  
It is also now possible to compare the results from all three test methods in Figure 4.33. 
 
Figure 4.33 – Selected results comparing several interfacial strength measurement 
methods for both the epoxy and polyester and different coupling agents. 
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By again returning to the fracture surfaces of the epoxy disks differences resulting from 
the application of the silanes can be seen.  Figure 4.34 presents two similarly thick lap 
shear samples, one with clean glass, the other with Z6020 coated glass.  These samples 
were selected for comparison as they both had an entrapped air bubble of approximately 
the same size and location, and both indicated very similar fracture patterns separated 
only by the interfacial strength.  The loading direction was left-right, while the three 
panels indicate the untested, the lower fracture surface and the upper fracture surface.  In 
Figure 4.34b, the lower fracture surfaces are void of the epoxy; the uncoated glass 
remains clean while the coated glass has a retained pattern mirroring the upper surface in 
Figure 4.34c.  Both upper surfaces have the presence of chevrons indicating the starting 
location of fracture was the top lip of the epoxy (to the right in the image) while the 
coated glass indicates more severe interfacial yielding related to the chevron density.  The 
presence of cracking around the entrapped air bubble indicates that likely starting 
location for the interface debonding as this coincides with the presence of a stress 
concentration.   
 
Figure 4.34 – Lap-shear fracture comparison between 0.18 mm thick epoxy disks 
against uncoated and Z6020 coated glass, showing a) untested sample b) lower glass 
fracture surface c) upper epoxy fracture surface. 
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To demonstrate the utility of the lap-shear test with non-standard polymer blends, several 
tests were performed with fillers added to epoxy against clean glass.  These and all the 
results for epoxy are collected in Table 4.3. 
Table 4.3 – Summary of lap-shear experimental results for epoxy. 
Series Properties Results 
Glass Epoxy Mask, t 
(mm) 
Interfacial Shear 
Strength, τi (MPa) 
Shear failure 
strain, γf (%) 
Shore D 
Hardness 
Clean Neat, 60C cure 0.05 40.9 ±4.3 91.8 ±5.6 82.2 ±1.0 
0.10 39.3 ±3.2 89.6 ±2.2 
0.18 35.8 ±3.4 87.1 ±1.6 
0.27 32.0 ±1.9 80.2 ±3.3 
0.36 29.7 ±1.9 73.3 ±3.6 
Clean Neat, 22C cure 0.18 28.3 ±1.4 84.7 ±3.8 81.7 ±0.5 
Neat, 90C cure 38.2 ±3.2 87.0 ±1.2 84.0 ±0.8 
Neat, 120C cure 39.9 ±4.0 89.1 ±1.6 84.3 ±0.5 
Z6020 Neat, 60C cure 0.18 37.2 ±2.9 95.2 ±2.7 82.3 ±0.6 
Z6030 34.1 ±1.1 92.0 ±2.1 
Z6040 40.6 ±1.7 96.7 ±1.2 
Clean 2.5% CaCO3, 
60C cure 
0.18 22.5 ±3.4 82.1 ±2.7 84.0 ±0.7 
5% CaCO3, 
60C cure 
25.7 ±1.4 76.1 ±3.3 85.0 ±0.7 
10% CaCO3, 
60C cure 
26.1 ±0.9 63.4 ±9.8 86.7 ±0.7 
10% carbon 
black, 60C cure 
23.2 ±0.7 49.1 ±5.0 85.2 ±0.4 
10% glass 
beads (150 µm), 
60C cure 
28.7 ±1.8 19.5 ±9.2 92.4 ±1.0 
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Regarding the filled epoxy tests, the fillers themselves present interesting additions to the 
experimental studies.  Seen in Figure 4.35, the fillers have varying morphologies from the 
large, but hollow 150µm glass beads to the crystalline, but clumping calcium carbonate 
powder or the small, but shard-like carbon black powder.  All the fillers were added by % 
weight to the epoxy.  It was not possible to capture an image of the carbon black lap-
shear sample as the carbon black made the epoxy completely opaque. 
 
Figure 4.35 – Images of fillers and the resulting lap-shear samples for a) 10% 
150µm glass beads b) 2.5% CaCO3 c) 10% 5µm carbon black. 
The glass beads were quite large in comparison to the dimensions of the lap-shear 
samples.  Even though there was only 10% added to the epoxy by weight, as they were 
hollow, their volume was substantial.  Though the interfacial strength remained relatively 
high, the strain-to-failure was greatly reduced.  This can be attributed to the fact that even 
with the reduced epoxy the glass beads were smooth and also bonded with the epoxy in a 
manner similar to the glass slide.   
Neither the calcium carbonate nor carbon black is thought to form covalent bonds with 
the epoxy, so the addition of either act to reduce the strength of the epoxy and also the 
interfacial strength.  The pointy carbon black pieces likely cause sharp stress 
concentrations, but at this stage, it is unclear why the small amount of CaCO3 caused 
such a significant drop in the interfacial shear strength, or why increasing amounts of 
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CaCO3 caused the interfacial strength to increase.  This increase does seem to come with 
a trade off with the decreasing strain-to-failure, and certainly warrants further 
investigation. 
Another question which arose while running the original lap-shear tests with neat epoxy 
was whether the data can be used to estimate the interfacial strain energy release rate.  To 
examine how the interface was separating at the peak load, several high speed tests were 
run using clean and silane coated glass samples.  A Redlake MotionScope M3 camera 
was used with a 35 mm lens to capture the debond process at 4000 frames/second.  
Figure 4.36 presents the four sequential frames surrounding the debond event which takes 
place between Figure 4.36b and Figure 4.36c). 
 
Figure 4.36 – Four sequential high-speed video frames at 4000 frames/sec showing 
the rapid debond process: (a-b) pre-failure (c-d) post-failure.  The horizontal 
pinstripe lines were added to aid visual comparison. 
This rapid fracture process therefore happens in less than 1/4000 seconds.  With a near-
instantaneous debond the peak load from the shear stress-strain curves is used as a 
measure of the elastic energy released, as seen in Figure 4.37. 
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Figure 4.37 – Schematic of lap-shear data indicating the loading behaviour and area 
used for calculating the debond energy at fracture. 
This energy became the basis for the estimate of the interface mode II strain energy 
release rate, or GIIc,i value, as well as the mode one interfacial strain energy release rate.  
The strain energy release rate is defined as the change in energy with respect to a change 
in crack area: 
 𝐺𝑐 =
𝑑𝑈
𝑑𝑎
 (4.11) 
Consider this: if at the point of fracture the entire epoxy disk is debonded from one glass 
surface at one instant, then the load at that point represents all the strain energy released.  
Using all the data behind Figure 4.31, the two strain energy release rates can be 
extrapolated by evaluating the shear and normal components of loading via the Hashin 
relation.  Because the fracture occurs along the flat plane of the glass, and hence the crack 
must propagate in a self-similar manner, the fracture criterion is: 
 (
𝐾𝐼
𝐾𝐼𝑐
)
2
+ (
𝐾𝐼𝐼
𝐾𝐼𝐼𝑐
)
2
= 1 (4.12) 
In terms of the energy of fracture, Equation 4.10 becomes: 
 
𝐺𝐼
𝐺𝐼𝑐
+
𝐺𝐼𝐼
𝐺𝐼𝐼𝑐
= 1 (4.13) 
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By plotting all the individual lap-shear data for differing modes of loading (disk 
thicknesses), the critical strain energy release rates (CSERR) can be determined by least 
squares fitting.  The normalized plots for both epoxy and polyester are presented in 
Figure 4.38.  Not all the data is used in these plots: samples which exhibited debonding 
on more than one side of the glass were rejected, as were samples which caused any glass 
or substantial fracture to the epoxy.   
 
Figure 4.38 – Normalized plots of mode II vs. mode I strain energy release rate for 
a) the epoxy and b) the polyester. 
The primary reason this can even be attempted is due to the ability to accurately measure 
the bonded area less the effects of porosity.  Since the substrate in all of the testing thus 
far has been glass, it allows the examination of the internal fracture during testing.  This 
would not be as easily accomplished with opaque material systems, as the central 
assumption that fracture occurs rapidly requires the ability to monitor interior of the 
specimen. 
The Table 4.4 presents the values as determined for the epoxy and polyester systems.  
The silane coated systems did not have sufficient data to perform the least squares fitting 
with confidence, thus they were evaluated by taking a flat percentage change from the 
clean glass cases. 
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Table 4.4 – Experimental mode I and mode II interfacial strain energy release rates 
for epoxy and polyester bonded to glass. 
System GIc,i [J/m
2] GIIc,i [J/m
2] 
Epoxy / clean glass 262.3 ±23.3 498.7 ±44.3 
Epoxy / Z6020 glass 281.0 ±20.7 534.2 ±39.4 
Epoxy / Z6030 glass 251.2 ±12.1 477.5 ±23.0 
Epoxy / Z6040 glass 296.8 ±15.9 281.0 ±20.7 
Polyester / clean glass 193.4 ±23.8 401.6 ±49.4 
Polyester / Z6030 glass 252.7 ±37.7 524.8 ±78.3 
As a sanity check to the reported strain energy release rates, the mode II strain energy 
release rate is separately determined from the average debond length in the fragmentation 
testing following the work of Zhou [48].  The determined value is 506.9 ±50.5 J/m2, 
which is in agreement with that estimated by the lap-shear testing.  This was the only 
system which exhibited debonding during fragmentation, the Epoxy / Z6030 glass 
system, and therefore the only system which has been separately verified. 
If the above analysis is accepted as true, this provides a substantial boost to the usefulness 
of the lap-shear test, as no other interfacial test can provide simultaneous measures of 
both the interfacial shear and normal strength and interfacial shear and normal strain 
energy release rates. 
One interesting offshoot study examined the effect of pressure on the interfacial CSERR.  
Using the Epoxy / Z6020 coated glass system, samples were fabricated under 400g 
weights placed on the lap-shear joint during cure.  The measured mode II value was 
781.0 ±20.0 J/m2.  So while applying the silane resulted in a 7% increase in critical strain 
energy release rate over the clean glass system, the added pressure during cure resulted in 
a nearly 57% increase with all other conditions being equal.  This increase in interfacial 
strength is well within reported values for the interfacial CSERR [48, 100, 102, 115], but 
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certainly warrants further study to determine the phenomena behind such a change in 
toughness. 
Before concluding the lap-shear testing, a further investigative test was run to determine 
if this modified lap-shear test might also apply to thermoplastic matrices, in this case, 
polypropylene.  This particular test proved quite challenging to perform due to the 
inherently low bonding ability of thermoplastics with glass.  Even with a larger 6mm 
diameter mask cut-out similar to the interfacial normal testing and being very careful to 
load the sample without applying any initial loading, only 3 samples out of 12 were able 
to be successfully fabricated and tested, the results presented in Figure 4.39. 
 
Figure 4.39 – Polypropylene / clean glass lap-shear test results. 
Far from conclusive to report an interfacial strength with polypropylene and glass, these 
tests do indicate that the procedure is possible.  If time had allowed, the next size of cut-
out would have been used, and the use of coupling agents would have been investigated 
to generate confident interfacial strength results. 
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4.4 Correlating Studies 
4.4.1 Damage and Constraint 
One of the first lap-shear samples ever made had a strange worm-like pattern on it after it 
was cured, a sample of which is presented in Figure 4.40.  Initially, this was thought to be 
a result of poor glass cleaning or from contaminates.  When further samples exhibited 
this same pattern, however, it was noted that this pattern was not random, but the result of 
high residual stress causing the interface to debond during cure.  It was this realization 
which first formed the link between polymer cure properties, residual stress, and 
interfacial stress. 
 
Figure 4.40 – Sample pattern observed following cure; disk diameter is 3mm for 
reference. 
To better understand where the pattern was coming from, and how it was forming, a 
careful experiment was set up to record the cure process, as seen in Figure 4.41.  Two hot 
plates were setup on either side of an optical microscope with an aluminum bar running 
between them.  The temperature was set such that after reaching equilibrium, the center 
of the bar was 60°C.  The heights of the hot plates were adjusted such that with the 
sample loaded in the center, the epoxy disk was in focus of the microscope.  Images were 
set to be automatically captured every 30 seconds for the four hour cure duration.  
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Figure 4.41 – Experimental setup for in-situ cure monitoring. 
 
Figure 4.42 – Selected time lapse images during cure depicting the formation of a 
debond pattern at various times. 
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Weights were used during the cure process to stabilize the system during cure (both 
thermal and mechanical stabilization).  Selected images from the cure duration are 
presented in Figure 4.42 indicating the formation of the pattern.  A first thing to note is 
that the pattern doesn’t start to appear until near the end of the cure cycle, well after the 
gel point was reached in the epoxy.  Secondly, the pattern is appearing while the sample 
is at elevated temperature, not during the sample cooling, meaning this is a cure 
phenomenon, not a cooling phenomenon.  Thirdly, the pattern forms in such a way that it 
never self-intersects, touches any portion of the disk boundary, or contacts any of the 
porosity bubbles.  Finally, and not shown here, is that the pattern only appears in thin 
samples, where the mask is less than 0.1 mm thick.  These last two items suggest this 
pattern is a function of the system constraint.  Figure 4.43 presents this idea of constraint 
as it relates to the debond pattern observed. 
 
Figure 4.43 – Conceptual description of the effects of constraint on a shrinking 
polymer matrix. 
Without constraint, the epoxy wants to shrink equally in all dimensions due to curing.  
With low constraint, as the epoxy bonds to the glass surface, a stress is built up as the 
polymer shrinks.  However, with the greater volume of material, this residual stress is 
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gradually dispersed through the epoxy away from the interface.  When the constraint 
becomes high enough, this residual stress is enough to reach the interfacial strength and 
cause debonding.  This suggests that the interfacial strength is at least partially controlled 
by temperature and that the cure induced stresses are not negligible.  From this analysis, 
it can be concluded that using high volume fractions of fibres within a composite can lead 
to premature interface failure due to this cure induced debonding.  One author examined 
this exact effect on cure induced debonding within dental composites and noted a similar 
effect [116]. 
To further this understanding, another series of tests was carried out with the same 
sample mask thickness of 0.05 mm, but with differing weights placed on the samples to 
increase the pressure during cure, seen in Figure 4.44.  As the amount of weight increases 
on the sample, so too is there an increase in the pattern density.  Though the branches of 
the pattern decrease in width with the increased cure pressure, the overall pattern area is 
increasing with respect to the increase in applied weight.  Since the actual pressure on the 
disk during cure could not be measured, no correlation was possible to relate the pattern 
with the cure pressure, though a relationship is anticipated.   
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Figure 4.44 – Debond patters generated by applying pressure during cure using a) 
100g b) 200g c) 300g d) 400g weights. 
This pattern, while interesting, does represent a loss of contact area between the glass and 
the epoxy, and is perhaps better thought of as initial damage.  It should be pointed out 
that though this effect disappeared with the use of silane coupling agents, the residual 
stresses are still present even if the interface is not failing during cure.  Also, though not 
utilized in a quantitative manner, the concept of cure induced interface failure is an 
important one.  As industrial composites strive for high levels of reinforcement with 
faster and higher temperature cures to speed the composite fabrication process, this effect 
is important to understand to prevent composites from being fabricated with initial 
amounts of damage.   
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4.4.2 Time-of-Flight Secondary Ion Mass Spectroscopy 
To examine the interfacial behaviour of the lap-shear composite systems, surface analysis 
was conducted on the uncoated, coated, and post-fracture glass surfaces using time-of-
flight secondary ion mass spectrometry (ToF SIMS). The resulting data analysis provides 
insight into the location and morphology of fracture, while also providing validation to 
the silane coating procedure previously adopted with the interfacial tests.  Baseline 
spectra were taken of each of the neat surfaces (glass, silane coated glass, epoxy, and 
polyester) to determine fingerprint regions for subsequent surface comparison.  To reduce 
batch variance, all samples used for the surface analysis were produced at the same time 
and were tested within 12 hours of fabrication to minimize exposure to contaminants. 
An ION-TOF (Gmbh) TOF-SIMS IV equipped with a Bismuth cluster liquid metal ion 
source was used to measure all the surfaces.  A 25 keV Bi3+ cluster primary ion beam 
pulsed at 10 kHz was used to bombard the sample surface to generate secondary ions.  
The positive or negative secondary ions, one polarity selected at a time, were extracted 
from the sample surface.  The ions were mass separated and detected via a reflection-type 
of time-of-flight analyzer, allowing parallel detection of ion fragments having a 
mass/charge ratio (m/z) up to ~900 within each cycle (100 μs).  A pulsed, low energy 
electron flood was used to neutralize sample charging.  Ion mass spectra were collected at 
128 × 128 pixels over an area of 500 μm × 500 μm for 60 s.  The collected spectra were 
calibrated using the mass/charge peaks for both hydrogen and carbon. 
To be able to distinguish between the different surface chemistry, mass spectra were 
collected for the four surfaces: clean glass, Z6030 coated glass, epoxy, and polyester, 
unique mass/charge peaks were manually identified. Here, Z6030 was selected as it was 
the common silane used with both the epoxy and polyester interfacial testing, and reduces 
the number of tests required to analyse the post-fracture surfaces.  A first step is to 
identify some of the unique ion mass/charge ratios for each of the surfaces, as listed in 
Table 4.5.  The ion charge was calibrated to unity, so the mass/charge ratio can be 
directly interpreted as ion mass.  To make a distinction between the collection of positive 
ions and negative ions each sample was effectively scanned twice, but with a chamber 
cleaning operation between data collection runs.   
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Table 4.5 – Unique ‘fingerprint’ ion masses for the four analyzed surfaces. 
Surface Positive ions Negative ions 
Clean glass 28, 63, 91 28 
Z6030 glass 73, 147 85 
Epoxy 57, 58, 91, 135, 165 35, 93, 133, 211 
Polyester 71, 82, 99, 112, 140, 157, 215 27, 57, 71, 115, 155, 173, 271 
Smaller ion masses can be easily identified by atomic mass, as there are limited 
possibilities. For example, the ion mass of 28 can be identified as Silicon. Higher ion 
masses require a prior knowledge of the molecular structure and additional testing to 
accurately identify the composition from the many possible atomic mass combinations. 
The purpose of this study was not to determine composition; thus, unique peaks will be 
presented solely by their ion mass number, though the subsequent NMR testing presented 
in Chapter 3 could be used to accurately associate the ion masses with their compositions 
if so desired. 
Fractured surfaces were examined in light of the identified fingerprint mass peaks that 
each material exhibited.  Figure 4.45 presents enlarged sections of the mass spectra for 
ion masses unique to clean glass and epoxy on each side of a fractured interface. The 
spectra have been normalized with respect to the total ion count, to accommodate direct 
comparison. 
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Figure 4.45 – Normalized negative-ion counts at a) glass and b) epoxy fingerprint 
peaks. Upper and lower frames correspond respectively to one side of a fractured 
epoxy/glass interface. 
On one side of the fractured interface, there exist no measureable ions from the glass, 
while the epoxy ions are fully present. The other side contains the glass ions and only a 
small presence of epoxy is detected. A similar result is obtained with the polyester/glass 
interface, seen in Figure 4.46, though there is more of a polyester presence on the glass-
side of the fractured interface. The physical representation of these fracture surfaces can 
be seen in Figure 4.28, where one side of a fracture is visually void of polymer, while the 
other side retains the polymer disk.  These locations were specifically selected as such to 
determine what ions were present on each side of the fracture surfaces. 
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Figure 4.46 – Normalized negative-ion counts at a) glass and b) polyester fingerprint 
peaks. Upper and lower frames correspond respectively to one side of a fractured 
polyester/glass interface. 
By rastering the ion beam across one of the inspected surfaces, the distribution of ions 
can be obtained.  Recording the ion count at each location gives an understanding of the 
surface morphology and of the fracture surface using the resulting image intensity.  The 
presented images are not normalized so that intensity can be directly compared.  Though 
the images are taken of fractured surfaces, the locations selected for ToF SIMS analysis 
do not necessarily align between the image sets of the upper and lower surfaces, as this 
would have required too much work to mark and locate exact positioning between the 
fracture locations. 
Figure 4.47 provides a visualization of the distribution of ions on the fracture surface of a 
clean glass/epoxy sample.  The epoxy fingerprint ion masses 93 and 211 indicate even 
distribution of the epoxy on both surfaces, while the relative amounts on each surface are 
substantially different.  The glass indicator, ion mass 28, is nearly absent from Figure 
4.47a, which is to be expected on the epoxy-side of the fractured interface. 
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Figure 4.47 – Negative-ion distributions for the two halves of a fractured glass/epoxy 
interface.  The ion mass and ion count are below each image. 
The even distribution of epoxy ions in Figure 4.47b indicates a uniform fracture, void of 
areas of retained polymer.  The dark spot in Figure 4.47a is a small bubble just below the 
epoxy surface causing a warp in the surface, which demonstrates the sensitivity of the 
measurement to geometric irregularity.  The failure of the clean glass and polymer 
interface is seen to occur right at the interface, as expected.  This was observed as true for 
both epoxy and polyester.  This would substantiate the hypotheses that predominate 
fracture occurs at the chemical interface between the glass and polymer. 
The fracture of the Z6030 silane coated glass and polyester interface is presented in 
Figure 4.48.  The silane ion marker, mass 85, is present on both sides of the interface.  In 
Figure 4.48b, the presence of glass is negligible, while the polyester is most noticeable 
(mass 71), which is again expected for the side of fracture with the retained polymer disk. 
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Figure 4.48 – Negative-ion distributions for the two halves of a fractured 
polyester/coated glass interface.  The ion mass and ion count are below each image. 
Together, the low presence of glass and distributions of the polyester and the coupling 
agent suggest that fracture occurs between the coupling agent and the polymer.  With the 
epoxy exhibiting similar results, the following conclusions are drawn: 
 The coupling agent is evenly distributed across the glass surface. 
 The coupling agent is strongly bonded to the glass 
 Interface failure occurs between the glass and polymer in an uncoated system, 
while it occurs between the coupling agent and the polymer in a strongly bonded 
coupled system 
 
4.4.3 Alternate Material Systems 
It was desired to extend the lap-shear testing to other material systems, namely the use of 
carbon as a substrate.  Now that a glass system has been well understood, applying the 
same technique to a system where the substrate is opaque is the next step.  The challenge 
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here is identical to that of the glass model system: obtaining a representative material 
which has a similar crystallographic surface as the fibres it represents.  Two materials 
were identified as having the potential to simulate such a surface: isomolded graphite and 
pyrolytic graphite.  Plates of these materials were sourced from GraphiteStore.com.   
The pyrolytic graphite is made by the layered growth of grapheme at high temperature in 
a vacuum furnace.  The result is a plate with low porosity, high purity and highly oriented 
structure.  Due to the oriented nature of the plate, the exposed surface mimics that of a 
PAN-based carbon fibre.  The isomolded graphite is a high temperature compression 
moulded sample of finely ground graphite.  This type of graphite has moderate porosity, 
is isotropic, and has a surface which closely resembles that of a pitch-based carbon fibre.   
Both materials were sectioned in similar shape to the previously used microscope slides 
for the lap shear testing.  All the graphite pieces were thoroughly cleaned multiple times 
with ethanol to remove any particulate matter from the cutting operation.  Half of each 
type of graphite tabs were used in their cleaned state, while the other half were first acid 
etched in 25% nitric acid to add some functional groups to the exposed surface, acting 
like a coupling agent, to increase the bonds formed with the polymer.  Epoxy was the sole 
polymer used in all the graphite lap-shear tests.  The sample creation and testing 
procedures followed those presented for the glass-based lap-shear testing.  Figure 4.49 
presents the collected data amongst all the tests. 
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Figure 4.49 – Pyrolytic and Isomolded carbon / epoxy lap-shear test results. 
Ultimately, the strength of the substrate material is too low for these materials to be used 
in this way.  None of the samples fractured at the interface; all samples broke some small 
distance into the carbon substrate such that the recorded strength was actually the shear 
strength of the carbon tabs, rather than the desired interfacial shear strength.  Though a 
slight increase is seen between the neat tabs and those which were acid etched, the issues 
with failure location suggest that this is not an interfacial strengthening result.  Thus the 
data in Figure 4.49 does not reflect the interfacial shear strength of the epoxy / carbon 
systems constructed.   
It is expected that the lap-shear test can be utilized with other material systems, but the 
choice of substrate is seen to be important in order to properly capture the desired 
interfacial properties.  Future testing will need to first ensure that the shear strength of the 
selected material is greater than the expected interfacial strength in order to be able to 
measure an acceptable interfacial strength value. 
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5 Numerical Simulation 
The use of numerical simulation is employed to both validate the experimental results 
and to rapidly test material performance in complex setups.  A simulation also acts as a 
method to combine the developed material models and apply failure criteria using the 
measured interfacial strengths.  The results of which directly support the predictive 
failure model in the next chapter. 
Three validation studies are conducted to examine the failure modes observed in the 
interface measurement experiments.  The fragmentation study examines the stress 
transfer relationship between the polymer and fibre and includes fibre failure.  The push-
out study uses a linear-elastic model to determine the stress distributions within the 
polymer at the point of interface failure.  The lap-shear study verifies the experimental 
failure modes observed against a selected interface failure criterion.   
A predictive simulation is also constructed to determine the magnitude and distribution of 
residual stresses within a polymer composite as a result of the polymer processing.  This 
simulation tests the impact of fibre arrangement on the cure and thermal stresses in the 
polymer.  Multiple material model implementations are used to show the importance of 
accurate polymer characterization.  A predictive study is conducted to estimate the 
surface finish in a composite part given the fibre arrangement and polymer constitution. 
 
5.1 Fragmentation 
A fragmentation study is undertaken to validate the fragment lengths and debond lengths 
obtained in the experimental studies.  This study was done with the use of LS-Dyna and 
associated material models [117].  Here the goal is to examine how fibre stress transfer 
operates and to determine if it is possible to replicate the fibre and interface failure 
against the single fibre fragmentation experiments of Chapter 4. 
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5.1.1 Boundary and Interface Conditions 
To setup the model, symmetry is employed to reduce the computational complexity of the 
problem by only simulating one eighth of a fragmentation gauge section.  Figure 5.1 
presents a perspective view of the model geometry with the matrix shown in blue and the 
fibre coloured in red.  The model uses three planes of symmetry to effectively model a 1 
mm length of fibre and surrounding matrix.  The matrix is modeled such that five fibre 
diameters worth of material surrounds the fibre, as per the experimental studies.  At one 
end of the model (opposite the symmetry end), a prescribed displacement is given to 
several of the outer nodes of the matrix in the z-direction to simulate the effect of a 
tensile load as applied in shear on the matrix.   
 
Figure 5.1 – One eighth fragmentation model; the fibre is modeled in red while the 
matrix is shown in blue the length of which is 1 mm. 
The model was composed of about 260,000 solid elements.  The matrix was modeled as 
an elastic solid with kinematic plasticity (LS-Dyna material 012) using the material 
properties presented in Chapter 3.  The fibre is modeled as an elastic brittle solid (LS-
Dyna material 013) using the material properties provided by the manufacturer in 
Appendix A.  The same type of fibre was modeled as was used for the fragmentation and 
push-out tests.  A reduced time study was run by rapidly displacing the matrix to just 
below the load which causes the fibre to fragment, and then slowly displacing for the 
remainder of the study.   
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5.1.2 Fracture Studies 
After getting the model to successfully converge, the first simulation was run with a 
perfectly bonded interface condition.  Figure 5.2 and Figure 5.3 present the results from 
this study showing respectively the Von Mises stress and effective strain.  In each figure, 
the model is shown with a) both the fibre and matrix b) just the matrix and c) just the 
fibre such that the resulting stresses / strains can be examined in detail.  
 
Figure 5.2 – Fragmentation Von Mises stress distribution in a) both fibre and 
matrix b) just the matrix and c) just the fibre 
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Figure 5.3 – Fragmentation effective strain distribution in a) both fibre and matrix 
b) just the matrix and c) just the fibre 
A first thing to note is that the simulation effectively demonstrated the observed fracture 
pattern as for a well-bonded fibre.  This may seem trivial, but the simulation did show a 
small distribution of fibre lengths consistent with that of the experimental studies.  
Secondly, the images of the fibre (Figure 5.2c and 5.3c) still have evidence of the stress 
waves which formed from the sudden fracture events.  Since this first simulation did not 
include any damping, when these waves superimpose, additional fracture can take place 
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even if the fibre is below the critical transfer length, confirming a previous hypothesis 
regarding the distribution of fibre lengths. 
Confidence checks can be done by comparing the loads or strains against those expected.  
The fibre is showing peak loads around 2 GPa which is in line with the fracture strength 
of the fibres.  The matrix, however, is indicating peak loads well in excess of its tensile 
strength.  This is due to the stress around the traction load.  In a real sample, the tensile 
grips actually permanently indent into the sample to be able to grip the sample during 
testing.  In the simulation, the matrix is prevented from failing as such, leading to the 
higher than expected stresses.  
A second study was undertaken which added damping to the matrix such that fibre stress 
waves would be less of an issue causing premature fracture.  Despite the implementation 
of the damping to prevent the stress waves from causing multiple fibre break points 
simultaneously, here a new challenge was encountered: complete fibre debond.  The 
purpose of this study was to reduce the interfacial strength to that as measured during the 
experimentation.  However, this had the unintended consequence of instigating a sudden 
interfacial failure during the stress transfer, leading to the complete debond of the fibre 
without any fragmentation.  The explanation for such an event is centered in the material 
model for the matrix.  By preventing the matrix from failing, it was also prevented from 
absorbing much of the energy associated with fracture.  If the matrix were allowed to 
deform and fail freely either with a removal of elements, or with an energy criterion, then 
the first place to fail is around the imposed traction displacement, and the simulation ends 
without the fibre or interface failing.  This was thus left as an open problem, since no 
immediate solution was forthcoming on how to properly set up the material models to 
allow for the correct stress transfer to occur and observe debond, but also impose the 
proper limits on the matrix and interface failure. 
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5.2 Lap-shear 
A lap-shear simulation was also conducted through LS-Dyna to examine and validate the 
Hashin interface failure criterion.  Secondarily, this study compared the simulated 
fracture patters with those obtained experimentally as a measure of confidence in the 
previous fractographic analysis in Chapter 4. 
 
5.2.1 Model Setup 
The basic model is presented in Figure 5.4 using two linear elastic glass blocks bound 
together with the elastic kinematic plastic epoxy matrix.  Here, however, the glass is not 
provided with fracture properties so that only the epoxy and interface are capable of 
experiencing damage.  Unlike the fragmentation simulation where the epoxy damage was 
causing unintended issues simulating the interface failure, here the epoxy in not directly 
loaded so the issues are no longer apparent.  The interface is treated as an automatic one-
way nodes-to-surface boundary condition with tiebreak [117].  This means that the epoxy 
cannot penetrate the glass surface, but can be separated from it if a given condition is 
met.  The condition imposed is that of the Hashin failure criteria with the same properties 
as previously measured.   
 
Figure 5.4 – Lap-shear model setup in grid mode showing a) the whole model and b) 
the center epoxy disk detail. 
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In Figure 5.4, grid mode, where a point is placed in the geometric center of each element, 
is used to show the placement and density of all the elements.  The two glass plates do 
not require fine detail as they are linear elastic solids without any failure allowed.  The 
epoxy disk, however, requires small elements such that there are enough nodes attached 
to the glass surface to model the proper interfacial condition.  The nodes on the bottom of 
the lower glass plate are fixed in position to initially restrain the overall geometry.  The 
nodes on the top of the upper glass plate are given a vertical prescribed displacement to 
simulate the lap-shear loading.  No other boundary conditions are imposed.  Similar to 
the fragmentation test, reduced time scale loading is conducted to simplify the 
computation. 
 
5.2.2 Simplified Geometry Studies 
The first test was again to ensure the simulation converged and to ensure the model is 
properly set up.  Initially, the epoxy disk was set with a thickness of 0.05 mm, with the 
result shown in Figure 5.5. 
 
Figure 5.5 – Lap-shear simulated fracture pattern of epoxy disk 
This first model did not employ elements with the proper aspect ratios as evidenced by 
the presence of hour-glassing on the outer elements.  However, this type of fracture 
pattern, where a crack moves back and forth between both sides of the debonding epoxy 
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disk was observed experimentally in all the thin lap-shear samples.  One such sample is 
presented in Figure 5.6 where the epoxy disk was fractured into multiple segments and 
both glass slides retained a portion of the epoxy fragments. 
 
Figure 5.6 – Glass / epoxy lap shear sample with 0.05 mm thick epoxy disk showing 
a) as fabricated b) fractured top surface and c) fractured bottom surface.  For 
reference, the loading direction was left-right and the disk is 3 mm in diameter. 
With a finer mesh, comprising nearly 30,000 solid elements, the next simulation is to 
investigate the debond fracture process.  The simulated epoxy disk is increased to a 
thickness of 0.18 mm and the number of simulation steps is also increased.  Figure 5.7 
presents the six consecutive frames at the point of interface failure and epoxy fracture.  
Since the glass is hidden in the images, the stress distribution in the image is an 
indication of the state of the interface.  As the debond proceeds from Figure 5.7a to 
Figure 5.7d, the same double crest yield pattern is seen in a sample of the same thickness 
in Figure 5.8 which was tested very slowly to capture this debond event.  Also, the final 
frames in Figure 5.7 indicates that the lap-shear failure is beginning to change failure 
modes as only one crack is formed, rather than multiple segments seen previously in 
Figure 5.5.   
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Figure 5.7 – Glass / epoxy lap-shear simulation of 0.18 mm thick epoxy showing six 
consecutive time steps at the point of failure. 
 
Figure 5.8 – Reference glass / epoxy lap-shear sample with 0.18mm thick epoxy disk 
a) before testing b) post-fracture 
120 
 
When the simulation was repeated with thicker epoxy disks, no matrix cracking was 
observed.  This is consistent with the increase in mode I crack opening causing the epoxy 
to peel from one of the surfaces rather than to predominately shear.   
 
5.2.3 Discussion 
By recording the stress within the lower glass plate at one of the cross-sections, it is 
possible to compare the shear stress-strain behaviour between the experimental work and 
the simulated work.  Figure 5.9 presents one such comparison between an epoxy / glass 
lap shear sample with a disk thickness of 0.20 mm and the associated simulated stress-
strain behaviour.   
 
Figure 5.9 – Comparison between experimental and simulated results for a lap-
shear test with an epoxy disk thickness of 0.20 mm 
Since the simulation is the epitome of a perfect sample, it should come as no surprise that 
the simulated curve represents an idealized epoxy response according to the selected 
material model.  The undulations in the simulated response are due to stress waves from 
the reduced time scale simulation, and could be reduced by extending the time scale 
(slowing down the displacement rate) or adding a damping term to one or both the 
materials.  The sample selected for the comparison in Figure 5.9 was one which 
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contained a minimum amount of porosity to allow a better comparison of a good 
experimental sample.  From Figure 5.9, it the use of the elastic kinematic plastic material 
for the epoxy is immediately evident.  Though this model could be refined to better match 
the true material, the important comparison is the peak load representing the strength of 
the interface.  Here the simulation predicts a slightly higher shear stress and strain before 
the interface gives way, which is again to be expected considering the defect-free model.  
Since the simulation captured the same features as the experiments, this suggests that the 
interpretation of the experimental data in Chapter 4 correctly identifies the interfacial 
properties.  
From the same simulation as was used to generate Figure 5.9, the normal strain 
distribution within the epoxy disk is shown in Figure 5.10.  This provides a pre-failure 
glimpse at the epoxy response.  The top glass plate is displaced to the right resulting in 
the shearing of the epoxy disk as seen. 
 
Figure 5.10 – Side view of y-strain distribution in epoxy disk between glass plates. 
Note that the epoxy strains are not perfectly symmetric as the simplified analytical 
solution suggested in Figure 4.52.  It is evident, however, that the interface debond is 
being initiated due to the normal interfacial strength, seen as the slight separations 
indicated by the arrows.  The complete stress and strain profiles in all three orthogonal 
axis just prior to interfacial failure are presented in Figure 5.11. 
122 
 
 
Figure 5.11 – Stress and strain distributions in xyz directions of simulated 0.20mm 
thick epoxy disk prior to interfacial failure. 
The debond event is also correctly simulated from the standpoint of the fractography 
where the change in loading mode changes the matrix fracture behaviour.  Further, the 
Hashin criteria of the simulated interface generates the same trends as compared to the 
experimental studies.  This last point may seem to suggest that the computer was 
programmed to give the same answer as the experiments, which is true, but it serves to 
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confirm that the computer was properly programmed to give the same answer, giving 
credence to the other observations. 
To extend this work, future simulations accounting for the size and location of porosity 
would be really interesting in terms of the fracture initiation and growth behaviour.  
Further, reusing this simulation to predict the strain energy release rate of the interface 
would be another method to validate the experimental work.   
 
5.3 Multi-physics Simulations 
Simulating the cure behaviour to determine residual stresses has been attempted multiple 
times [24-28], though none of these authors have considered elevated temperature yield 
behaviour of the polymer during cure.  Integrating multiple physical systems to account 
for the different processing has only recently been attempted as the computational ability 
to do so has been realized [25, 118].  To perform the cure simulations, a commercial 
software COMSOL v4.2 was selected along with the associated user manual [119].  
COMSOL, at least at the time, did not yet support a viscoelastic material with plasticity, 
thus three separate solutions are compared: linear elastic, linear elastic with plasticity, 
and viscoelastic.  Inherent to any simulation are the software-specific implementation 
choices that impact the trade-off between efficiency and accuracy of the generated 
solutions.  Two items are noted as important to achieve such a balance within COMSOL: 
when to calculate the Jacobian and the error tolerance to achieve solution convergence.  
In the presented simulations, the Jacobian is calculated at every time step, while the error 
tolerance is set higher than the default.  The effect of which results in a smooth 
integration between time steps, but at the expense of greater overall calculation error. 
 
5.3.1 Modeling Viscoelastic Response 
Using the methods presented in Chapter 2, the viscoelastic model in COMSOL is 
populated with the experimental work for the epoxy from Chapter 3.  A first simulation is 
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to test the implementation of the epoxy model to ensure it accurately models the same 
physically real system as observed.  A simple rectangular slab was modeled to examine 
the cure properties over a variety of thicknesses between 0.2 – 2.6 mm in 0.2 mm 
increments.  The simulation was conducted using the viscoelastic material model for a 2 
hour isothermal cure at 60°C.  Figure 5.12 illustrates the basic model, and the von Mises 
stresses at the top center location of the plate.  Two planes of symmetry are used to 
simplify the problem such that point A in Figure 5.12 is the center of the epoxy slab.   
 
Figure 5.12 – Cure induced stresses in neat epoxy simulated at several sheet 
thicknesses.  The inset model indicates the basic geometry and location of the 
depicted stresses. 
The data indicates exactly what is observed in the lab: as the thickness of the plate is 
increased (the surface area to volume ratio decreases), heat generated by the cure process 
cannot rapidly dissipate and causes a spike in the cure residual stresses.  The solution 
failed to converge at the 2.6 mm thick interval, which aligns to the experimental 
observation that sheets of neat epoxy over 2.5 mm thick exhibit entrapped air from 
boiling and significant stress fractures.  Though not the epoxy that was used for the 
simulations, this same phenomena is presented in Figure 5.13 during some cure trials of 
polyester.  In an effort to determine the best cure parameters, several plates of different 
thickness were cured at 90°C.  Initially, the left-hand plate shows out-of-plane warping 
and significant distortion due to the rapid cure behaviour from thermal instability.  As the 
125 
 
plate thickness was reduced, the ability to produce a uniform and defect-free plate was 
increased. 
 
Figure 5.13 – Cured polyester slabs with decreasing thickness from left to right. 
To compare the three solid mechanics implementations (linear elastic, linear elastic with 
plasticity, and viscoelastic), a 2D plane stress model was created with a single fibre 
surrounded by epoxy.  The stresses were determined at the fibre-matrix interface for each 
of the models during a simulated 2 hour isothermal cure at 60C, as seen in Figure 5.14. 
As expected, in all three cases, there is a residual compressive stress around the fibre due 
to the cure shrinkage.  
 
Figure 5.14 – Residual stress at the fibre matrix interface around a single fibre; the 
inset plane strain model indicates the location of the calculated stresses. 
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The linear elastic solution indicates the highest residual stress, with the viscoelastic 
model relaxing some of that stress with comparable magnitudes to those in the literature 
[28]. The plasticity model prevents the stress from climbing, as the epoxy is yielding 
during the elevated temperature cure. If the epoxy were cooled to room temperature, the 
stress would increase approximately 4.4 MPa for all the three cases to account for the 
additional thermal shrinkage.  These residual stresses are of similar magnitude to those 
that have been previously calculated [120, 121]. 
 
5.3.2 Simulating Residual Stress 
One practical use of this type of simulation is the prediction of residual stress in a highly-
filled composite, where fibre proximity drives additional modes of stress build-up due to 
the high compliance provided by the stiff fibres.  In a linear elastic implementation, two 
fibres are initially separated by 0.5 μm in a 2D plane stress parametric simulation; the 
setup is shown in Figure 5.15.  At each parametric step, the fibres separation is changed, 
and the model is re-meshed using an automatic curvature-based scheme to capture the 
stresses between the fibres. 
 
Figure 5.15 – Fibre separation study initial plane stress model setup. 
Using one of the points which resides on the interface of the fibre and matrix between the 
two fibres, the principal stresses are presented for 5 fibre separation distances in Figure 
5.16.  When the fibres are close together, there is a strong tensile stress in each of the 
principle directions, which correspond to the radial and tangential directions at the fibre 
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surface.  The Tresca criterion is used as it better illustrates the in-plane shear stresses 
present as the fibre separation increases.  The results indicate that highly filled thermoset 
polymers experience high residual cure stresses.  This can lead to partial debonding either 
during cure or post cure since the portion of the composite under a high constraint stress 
requires the least additional stress to induce failure, as has been previously observed in 
dental composites which are rapidly cured, causing a high stress build-up [116, 122]. 
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Figure 5.16 – Linear elastic cure stresses between two fibres at several separation 
distances of a) x-direction b) y-direction c) Tresca 
Noticeable in Figure 5.16 is the onset of the gel point around the one hour point where 
the polymer can support a stress.  This point is identical to that as observed 
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experimentally in the rheometry experiments.  The biggest result from this simulation is 
the measure of the residual stress acting on a fibre in a composite of a given volume 
fraction and processing method.   
For reference, in a square or hexagonal array, a fibre separation of 0.5μm corresponds 
with a fibre volume fraction of 73.9% and 85.3% respectively; 10μm spacing corresponds 
with volume fractions of 29.7% and 34.3% respectively.  Again, if the system were 
cooled to room temperature, there would be additional thermal stresses. 
Philosophically, these sorts of simulations are vital to the future of materials selection for 
composite design, but require better up-front materials characterization to enable the use 
of such models.  For example, this simulation could be used to determine the processing 
characteristics which would result in zero residual stresses at room temperature after 
cure.  Also, Patham showed how a similar simulation could capture the effects of 
springback due to relaxing stresses over time and temperature to result in a better initial 
mould geometry to suppress this effect [25].  In terms of improving this present model, 
adding mass and energy loss terms will expand the temperature range at which the model 
is valid.  Combining the viscoelastic and plasticity effects into one material model would 
allow the most accurate representation of residual stress during cure. 
 
5.3.3 Application to Composite Materials 
Using the model from Section 5.3.2, one promising application of such a cure simulation 
is in regard to the prediction of composite surface finish.  Surface finish is a very 
challenging topic in the composites world.  Thermoplastics, which exhibit a large thermal 
dependence, commonly show waviness on a moulded part due to the uneven contraction 
of the polymer around the embedded fibres.  Thermosets are usually easier to work with 
to produce a smooth, class-A surface, though the cure shrinkage and thermal shrinkage 
need to be managed – typically with polymer fillers.  The goal during production is to 
produce a composite part that has a near-mirror finish which can either be painted or 
coated to achieve an aesthetically pleasing final surface.  Though one challenge is to 
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manage the composite part during an automotive paint-bake cycle where the 
aforementioned springback is a concern, predicting the surface quality of a composite 
part is an initial need. 
To demonstrate this simulation ability, an exploratory simulation was created to 
investigate two impacts on surface finish: fibre separation and the thickness of the 
polymer layer above the fibres nearest the free surface.  The model setup and deformation 
pattern is shown in Figure 5.17, below.  It is anticipated that the surface curvature will be 
reduced as fibre separation is reduced or the polymer layer above the outer fibres is 
increased. 
 
Figure 5.17 – Fibre surface finish model showing a) model setup with surface points 
for determining curvature and b) the post-simulation deformation behaviour and 
residual stresses. 
To determine the predicted curvature, points are placed on the free surface between the 
upper midpoints of each fibre as in Figure 5.17a).  The displacement of each point will be 
recorded at the end of each simulation to determine the predicted surface curvature.  The 
two important values that are calculated are the surface roughness and the radius of 
curvature.  Though there are many values which can be used to characterize the 
roughness of a surface, the arithmetic average is the most common, and is thus currently 
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employed.  The arithmetic average of surface roughness, denoted Ra, is calculated as 
defined: as the average of all the points on the surface, taking the lowest point as the 
reference point.  The surface curvature is calculated from: 
 𝜅𝑟 = |
(1 + 𝑦′2)
3 2⁄
𝑦′′
| (5.1) 
where 𝑦′ and 𝑦′′ are the first and second derivatives of the Cartesian function defining 
the curve [123].  Here it is assumed that points on the surface of the simulated composite 
form a continuous curve which is at least twice differentiable. 
While the data produced from the simulation is useful, it is not immediately apparent if 
the simulations are providing a realistic measure of the surface of a fibrous composite.  
To coincide with the predictions, several test composites were specifically fabricated to 
generate some experimental data.  The first such sample was composed of unidirectional 
glass fibres in an epoxy matrix such that there would be fibres near to the upper free 
surface.  This was mounted in a differently coloured epoxy so that polishing would not 
impose damage to this surface which could now be viewed end-on using a transmitted 
light setup to see this composite surface as in Figure 5.18a). 
At the maximum optical magnification the samples were imaged such that the interface 
between the composite epoxy and the mounting epoxy was readily apparent.  The surface 
curvature is quite visible and was manually extracted from the image using constructed 
curves as in Figure 5.18b) for several locations.  Both the simulation data and the 
experimental data are collected in Figure 5.19. 
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Figure 5.18 – High optical magnification of glass / epoxy fibre surface viewed 
perpendicular to the fibre direction: a) native b) with lines of curvature. 
 
Figure 5.19 – Comparison of predicted and measured surface roughness as related 
to the surface curvature 
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The two simulation studies resulted in overlapping trends between the fibre spacing and 
the polymer layer above the surface fibres.  As was predicted, a greater fibre spacing or a 
decreasing polymer layer tend to sharply increase the roughness and decrease the surface 
curvature.  A fine curvature is undesirable as it implies that light hitting the surface will 
scatter and the fine features around surface fibres in a composite will be visible.  This, for 
instance, causes the appearance of grooves in the surface after the paint application, and 
is not attractive to consumers.   
The experimental data presented in Figure 5.19 is quite scattered.  While the correct 
magnitude of roughness is attained from the optical measurements, the image resolution 
prevented the curvature from being accurately assessed.  Therefore, two alternate 
methods were explored to determine their feasibility to generating accurate surface 
profiles of composite materials.  A snapshot of each test method is presented; for the 3D 
laser scanning in Figure 5.20 and for the high resolution 3D optical scanning in Figure 
5.21.   
Laser scanning a surface requires that the surface reflect enough of the light for the 
detector to measure the time-of-flight accurately, and hence map the surface by rastoring 
the laser.  The neat polymer caused too much light scatter to be measured without first 
gold-coating to increase the reflectivity.  Figure 5.20a shows the result for a section of 
composite with three glass fibres embedded just below the surface.  While the roughness 
can again be determined from this method accurately, the curvature measurement is very 
sensitive to a clean surface, which was impeded by the gold-coating operation. 
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Figure 5.20 – 3D laser scanned profile map of glass / epoxy fibre surface 
 
The optical scanning did not require gold-coating to be effective, but is here sensitive to 
proper surface calibration.  Since the optical scanning requires a flat reference area to 
perform the lens distortion correction algorithms, and no flat surface was available on the 
tested sample, the result is a wavy image as in Figure 5.21a).  From this present data, it 
was not possible to generate accurate roughness or curvature measurements to check 
against the simulated values. 
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Figure 5.21 – 3D optical profile map of glass / epoxy fibre surface 
These techniques show much promise as experimental methods to vet the cure 
simulation, but require a dedicated study through which careful and systematic analysis 
can be conducted.  It is concluded that it is possible with the present technology to 
measure the surface characteristics of a polymer composite if given enough time to 
determine the proper measurement setup parameters.  It is also concluded that the 
composite model as presented is capable of predicting such phenomena as the surface 
roughness of a composite part.  Future work could examine how a mould-wall might 
impact the surface quality and what steps are needed to produce a consistent class-A 
surface given the polymer and composite properties.  
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6 Applying Interfacial Failure 
The crux of the research is hereby reached: adding interfacial strength into a composite 
material model to facilitate an accurate failure prediction.  Two supporting experimental 
studies are used to demonstrate the application of the failure criterion on different 
material systems and to provide a measure of the accuracy of the criterion.  The criterion 
is discussed in detail with comments toward its application, strengths, and outstanding 
areas for further research. 
 
6.1 Interface-Modified Failure Criteria 
There is always a challenge when beginning the discussion on material failure regarding 
where to start.  While there is some utility in the historical perspective beginning with the 
pioneers in fracture, Griffith, Irwin, and Orowan, whole texts have already been devoted 
to the subject of fracture mechanics [124-126].  The equations of Westergaard describing 
the stress state around a crack, the process of determining a J-integral to determine the 
energetic favourability for a crack to advance, or analyzing stress magnification factors 
given notch geometries are considered mature fields.  However, these fields have been 
advanced primarily for the common engineering materials, and there is a wide gap in 
understanding when it comes to composite materials which are microscopically 
heterogeneous.  As was presented in the literature review, Chapter 2, there are multiple 
approaches possible to determining how a composite will fail, what constitutes failure, 
and predicting the failure of certain composite geometries. 
By selecting the energy approach to failure, a composite can be described as a whole or 
as a sum of parts.  If a top-down approach is taken, whereby a composite is thought of as 
a macroscopically homogenous material with a given unit cell, then bulk testing of the 
composite will yield failure data related to the specific formulation properties which were 
used to create that material.  This approach is useful for characterizing an individual 
material where fracture needs to be measured, but not understood.  No consideration is 
needed toward the different fracture mechanisms, but neither does the result allow for 
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predictive capability.  At most, testing multiple composite formulations will only ever 
yield an empirical relation or rules-of-thumb between the type and magnitude of failure.   
Conversely, a bottom-up approach examines the associated energy with each mode of 
failure.  This approach requires substantially more up front effort to isolate and measure 
individual failure modes, but allows modes to be combined in such a way as to predict 
failure given a loaded geometry.  Here failure modes can be effectively ignored if their 
magnitude is small or combined to build the overall observed failure in a composite.  
Consider first the standard fracture toughness relation which says that the critical fracture 
toughness of a material is directly related to the Young’s modulus and the critical strain 
energy release rate (CSERR) under a plane stress condition: 
 𝐾𝑐 = √𝐸𝐺𝑐 (6.1) 
The plane stress formulation is considered as most composites are thin-walled in nature, 
resulting in negligible through-thickness stress during the propagation of a crack.  For 
mixed-mode loading, this typically gets subdivided into the different fracture components 
for each mode and requires some assumption regarding the type of failure to combine the 
failure modes.  For an arbitrary composite, the modulus is dependent on the 
homogenization scheme used to combine the elastic properties of the fibre and matrix.  
Here, the fibre geometry and spatial arrangement within the matrix are required.  The 
strain energy release rate, which is based on the energy required for a crack to move, 
requires the same fibre knowledge but also knowledge about any and all mechanisms 
which consume this energy, such that: 
 𝐺𝑐 = 𝐺𝑚𝑎𝑡𝑟𝑖𝑥 + 𝐺𝑓𝑖𝑏𝑟𝑒 + 𝐺𝑖𝑛𝑡𝑒𝑟𝑓𝑎𝑐𝑒 +  ⋯ (6.2) 
From Equation 6.2 it is evident that combining two materials is not a simple combination 
of deformation mechanisms.  Other mechanisms not listed include fibre kinking or 
buckling, fibre twist and pullout, and delamination.  With the exception of the fibre strain 
energy release rate, all are (at least) partially (or fully) based on the matrix material which 
has already been shown to be non-linear in nature.  Additional consideration must be 
made for the effects of hydrostatic pressure (which can suppress certain failure modes), 
residual cure and thermal stress, edge effects (geometric starting points for failure), 
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manufacturing method (fibre stacking and/or matrix distribution), and statistical effects, 
among others.  Further, what constitutes failure, or when these predictions become 
important to composite modeling is crucial.  Some possible descriptions of failure in a 
composite include: 
 The stress at which the first fibre break occurs 
 The stress at which a loss of load carrying capacity occurs 
 The onset of micro-cracking in the matrix 
 The point at which micro-cracks coalesce 
 A given departure from linear behaviour 
A recent trend in composite failure modeling is to give bounds to failure by predicting a 
damage initiation point and an ultimate failure point [8], though there is still no 
agreement on how these points should be defined.  Given the discussion thus far, it is an 
understatement to say that composite failure is a complicated phenomenon.   
To best contribute to the understanding and prediction of failure several assumptions will 
be made to bound the analysis and give shape to the developed theory.  First, only 
positive, biaxial loading will be considered.  While this immediately discards 
compressive failure modes and certain rare loading cases, this does account for the 
majority of composite design scenarios.  Next, as the focus is on random fibre 
composites, fibres will not be assumed continuous throughout the structure and fibres 
will be assumed to have a uniform spatial and angular distribution.  Further, these 
composites will be assumed as planar such that fibres will be considered to reside in a 
plane parallel to that of the composite so that the composite could be decomposed into 
individual lamina of randomly oriented fibres with identical volume fractions.  Also, this 
model will assume room temperature and quasi-static behaviour, as no effort is made to 
incorporate strain-rate phenomena. 
Before discussing all the effects of these assumptions, the model will be built up 
considering several initial composite geometries and presenting the relevant failure.  
Afterward, it will be possible to revisit these assumptions and examine if they were 
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necessary or what steps would be needed to use the model without making these 
assumptions in the first place. 
 
6.1.1 Case I: The Neat Polymer 
The first geometry is a neat, isotropic polymer.  In this ‘composite’, there is no 
reinforcing phase thus the composite failure is simply the polymer failure:  
 𝐺𝑐 = 𝐺𝑚𝑎𝑡𝑟𝑖𝑥 (6.3) 
where the matrix is proportional to some function of the global loading mode.  
Depending on the matrix behaviour, there are many schemes to combine the mode I and 
mode II critical strain energy release rates in mixed mode loading, as shown in Figure 
6.1.  
 
Figure 6.1 – Total strain energy release rate for neat epoxy as a function of loading 
angle which describes the ratio of normal to shear loading. 
The four mixed mode schemes presented in Figure 6.1 correspond to the following 
relations for the Linear, Trig, Trig2, and power laws respectively in Equations 6.4-6.7: 
 𝐺𝑚𝑎𝑡𝑟𝑖𝑥 = 𝐺𝐼𝑐,𝑚 (1 −
𝜃
90°
) + 𝐺𝐼𝐼𝑐,𝑚 (
𝜃
90°
) (6.4) 
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 𝐺𝑚𝑎𝑡𝑟𝑖𝑥 = 𝐺𝐼𝑐,𝑚 cos 𝜃 + 𝐺𝐼𝐼𝑐,𝑚 sin 𝜃 (6.5) 
 𝐺𝑚𝑎𝑡𝑟𝑖𝑥 = 𝐺𝐼𝑐,𝑚 cos
2 𝜃 + 𝐺𝐼𝐼𝑐,𝑚 sin
2 𝜃 (6.6) 
 𝐺𝑚𝑎𝑡𝑟𝑖𝑥 = 𝐺𝐼𝑐,𝑚 (1 −
𝜃
90°
)
𝑛
+ 𝐺𝐼𝐼𝑐,𝑚 (
𝜃
90°
)
𝑛
 (6.7) 
where GIc,m and GIIc,m are the CSERR for mode I and mode II loading of the matrix.  This 
assumes that a given load can be decomposed into the normal and shear components of 
loading and separately applied to their individual contributions to failure.  Jamali [127], 
found that Equation 6.6 provided the best fit to the experimental data for the previously 
selected epoxy matrix.  This does not suggest that all polymers will follow this relation, 
but rather that the versatility of the failure model can accept different types of polymer 
failure criteria.  It is expected, however, that the mode II CSERR will generally be larger 
in magnitude than the mode I CSERR for most polymer systems.  Bruce [96] 
demonstrated a mechanistic model to explain an observed connection between the mode I 
and mode II CSERRs as: 
 𝐺𝐼𝐼𝑐,𝑚 =  (1 + √2)𝐺𝐼𝑐,𝑚 (6.8) 
which arises due to the fact that cracks formed during shear loading propagate under a 
mode I load.  Thus the mode II critical strain energy release rate need only account for 
this increased crack length.  Combining Equation 6.6 and Equation 6.8 yields the matrix 
CSERR as a function of the mode I critical strain energy and the global loading mode: 
 𝐺𝑚𝑎𝑡𝑟𝑖𝑥 = 𝐺𝐼𝑐,𝑚(cos
2 𝜃 + (1 + √2) sin2 𝜃) (6.9) 
This means that the failure of a neat polymer can be predicted given only knowledge of 
the mode I strain energy release rate.  Though initially considered as a neat polymer, one 
modification is made to Equation 6.3 to account for any fillers: 
 𝐺𝑐 = 𝐺𝑚𝑎𝑡𝑟𝑖𝑥𝜂𝜙 (6.10) 
where 
 𝜂𝜙 = 1 − 𝑣𝑓𝑖𝑙𝑙𝑒𝑟𝑠 (6.11) 
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and vfillers is the volume fraction of fillers.  This assumes that the addition of fillers to a 
polymer is homogeneous, does not change the primary fracture mode of the polymer, that 
the fillers only act to decrease the polymer strength (non-bonding), and that no change to 
the plastic radius of the matrix occurs. 
 
6.1.2 Case II: Simple Reinforced Polymer 
Now that the matrix has been described void of fibres, a small amount of reinforcement is 
added to the matrix to consider how this would affect failure.  In this case, “fibres” with 
an aspect ratio of unity are added to the matrix.  The aspect ratio, s, is defined as the 
length of a fibre divided by its diameter.  With an aspect ratio of one, this reinforcement 
could also be viewed as a spherical reinforcement.  To account for the addition, the 
composite failure criteria, Equation 6.10, is extended as: 
 𝐺𝑐 = 𝐺𝑚𝑎𝑡𝑟𝑖𝑥𝜂𝜙𝜂𝑝𝜂𝑚 + 𝐺𝑖𝑛𝑡𝑒𝑟𝑓𝑎𝑐𝑒𝜂𝜙𝜂𝑖 (6.12) 
where the added correction factors 𝜂𝑚 and 𝜂𝑖 are the ratio of matrix area to fracture area 
and interface area to fracture area respectively.  Equation 6.12 also includes a factor 𝜂𝑝 to 
describe the reduced plastic zone size of the matrix ahead of a crack.  The same filler 
correction is applied to the interface and the same non-bonding assumption is made that 
the filler does not contribute to strength at the interface.  Since there is not any shear 
stress transfer to the reinforcement, no term is added for the failure of the reinforcement.  
This assumes that the matrix is weaker than the reinforcement, which it is for most 
polymer composites.  Consider then a crack approaching a spherical reinforcement 
surrounded by matrix as in Figure 6.2.   
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Figure 6.2 – Side view of a crack approaching a spherical particle showing a) before 
the crack reaches the particle b) the partial debonding of the particle and c) the 
crack moving past the debonded particle. 
As has already been discussed, cracks in a polymer open under a mode I loading.  Thus if 
a spherical particle were to be in the path of such a crack, it too would experience a 
normal load.  The only location for shear to build up on such a particle is at the equator of 
the embedded particle, which is small considering the surface area of the sphere.  Had the 
crack been slightly below the equator, the debond would have progressed along the 
shorter path, below the particle, in a horizontal mirror image of Figure 6.2c).  In this case, 
the interfacial strain energy release rate needs only to consider the normal component of 
the interface CSERR and the areal correction is only related to the normal interfacial area 
ratio:  
 𝐺𝑖𝑛𝑡𝑒𝑟𝑓𝑎𝑐𝑒 = 𝐺𝐼𝑐,𝑖 (6.13) 
 𝜂𝑖 = 𝜂𝑖,𝑛 (6.14) 
With these reinforcements added, some method is needed to describe their dispersion 
within the matrix.  The volume fraction is an obvious choice, but does not directly relate 
to an areal dispersion.  Therefore, two planar packing geometries are considered, as 
shown in Figure 6.3, to relate the volume fraction to the area ratios.   
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Figure 6.3 – Planar packing unit cells of both the a) square and b) hexagon. 
From Figure 6.3a), ‘r’ is the radius of the reinforcement and ‘R’ is the separation 
distance.  The values of R for square and hexagonal arrays have long been known since 
the first proof by Axel Thue in 1890 [128]: 
 𝑅𝑠𝑞 = 2𝑟 (√
𝜋
4𝑣𝑓
− 1) (6.15) 
 𝑅ℎ𝑥 = 2𝑟 (√
𝜋
2√3𝑣𝑓
− 1) (6.16) 
where vf is the volume fraction of fibres and r is the fibre radius.  The previous 
assumption of randomly distributed fibres is at odds with the use of a unit cell to describe 
the spatial orientation.  These geometries are, however, useful to relate the volume 
fraction to an areal distribution in the ideal sense to provide a mechanistic upper bound to 
failure.  In a real composite, the areal distribution could be obtained via metallographic 
techniques and these relations would not be needed, but that would eliminate the 
predictive ability of this method.  These ideal cases will provide the theoretical trends 
needed to form the model, while allowing for future modification if better unit cell 
representations are devised. 
Now that the volume fraction can be related to an areal distance, it is possible to calculate 
the corrections for the relative areas of matrix and interface present during fracture.  The 
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additional factors 𝜂𝑚 and 𝜂𝑖,𝑛 from Equation 6.12 and Equation 6.14 respectively are the 
corrections to relate the area of fracture due to the given phenomena to the total area of 
fracture.  This is easily simplified with relation to a unit cell area and is presented for 
hexagonal packing as:  
 𝜂𝑚 =
𝐴𝑚𝑎𝑡𝑟𝑖𝑥
𝐴𝑢𝑛𝑖𝑡 𝑐𝑒𝑙𝑙
 (6.17) 
 𝜂𝑖,𝑛 =
𝐴𝑛𝑜𝑟𝑚𝑎𝑙 𝑡𝑜 𝑟𝑒𝑖𝑛𝑓𝑜𝑟𝑐𝑒𝑚𝑒𝑛𝑡
𝐴𝑢𝑛𝑖𝑡 𝑐𝑒𝑙𝑙
 (6.18) 
Analytical relations for these and all the correction factors are fully described in 
Appendix C for both the hexagonal and square unit cells.  The other factor not yet 
described, 𝜂𝑝, is the ratio of the reduced plastic zone size due to the stiff embedded 
reinforcement, and is calculated as the ratio of the plastic zone in the constrained 
composite to that of the neat matrix: 
 𝜂𝑝 =
𝑟𝑝,𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑒𝑑
𝑟𝑝,𝑛𝑒𝑎𝑡
 (6.19) 
where the neat plastic radius is calculated as: 
 𝑟𝑝,𝑛𝑒𝑎𝑡 =
𝐸𝑚𝐺𝐼𝑐,𝑚
2𝜋𝜎𝑦,𝑚2
 (6.20) 
The neat plastic radius is calculated from a plane stress condition using the matrix 
modulus, yield strength and mode I CSERR. 
 
6.1.3 Case III: Random, Short-fibre Reinforced Polymer 
The next step up from a spherical-reinforced polymer system is a short fibre system 
where the length of the fibre is less than the critical length required for complete stress 
transfer from the matrix to the fibre.  The implication being that no matter the fibre 
orientation, the fibres will never fracture.  The updated composite failure criterion is 
presented in Equation 6.21: 
 𝐺𝑐 = 𝐺𝑚𝑎𝑡𝑟𝑖𝑥𝜂𝜙𝜂𝑝𝜂𝑚 + 𝐺𝑖𝑛𝑡𝑒𝑟𝑓𝑎𝑐𝑒𝜂𝑖𝜂𝜙 + 𝐺𝑝𝑢𝑙𝑙𝑜𝑢𝑡𝜂𝑜𝑓(𝜑) (6.21) 
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For reference, the fibre critical length, calculated using the shear lag model [46, 129], is 
given by: 
 𝑙𝑐 =
3
16
𝑟𝜎𝑓
∗
𝜏𝑖
 (6.22) 
From Equation 6.21, the interface will now utilize both the normal and shear components, 
another term is added for the extra energy associated with pullout, and a function is 
implemented to describe the fibre orientations with respect to the applied load.  With 
fibre aspect ratios greater than unity, additional assumptions are required for this analysis.  
Initially with spherical reinforcements a uniform spatial distribution was assumed, 
whereas an additional uniform angular distribution is now also assumed with the fibres.  
The short fibre requirement assumes that the initial crack path remains matrix-dominated.  
This means that if a crack were to approach an angled fibre, the crack would not change 
direction to follow the fibre, similar to the crack progression in Figure 6.2.  However, 
what is important is recognizing that fibres at different angles to a crack (and hence the 
applied load) will have different impacts to the interface debond mode and subsequent 
pullout, as depicted in Figure 6.4. 
 
Figure 6.4 – Three crack scenarios when a fibre is a) aligned to the crack plane b) 
low-angled to the crack plane c) high-angled to the crack plane. 
In Figure 6.4a), if a crack is running through the matrix and encounters a fibre aligned to 
the crack plane, then similar to the spherical case, only a normal debond is considered.  A 
low angled fibre, as in Figure 6.4b) now requires that both the shear and normal 
components of interfacial debond be considered, but no pullout.  If a crack encounters a 
fibre at a high angle (shown perpendicular in Figure 6.4c) then in addition to the 
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interfacial considerations, the pullout work of friction must be considered.  Similar to the 
critical fibre length issue for load transfer, there now exists a critical fibre angle above 
which fibre pullout is present.  To further complicate the issue, an approaching crack will 
not always meet an embedded fibre at its midpoint, so there will be a distribution of 
lengths which must also be considered.  It is assumed, however, that this problem can be 
treated as symmetric in the sense that a fibre with a positive angle has the same effect as a 
fibre with a negative angle of the same magnitude with respect to the crack plane. 
Similar to how the toughness of the matrix could be described by a mixed-mode 
relationship based on loading angle, the interface can also be decomposed into its loading 
components based on fibre angle.  From the work in Chapter 4, a linear relationship 
between the mode I and mode II interfacial CSERR is used.  Further, a similar 
simplification that applied to the matrix is possible by assuming a link between the mode 
I and mode II interfacial CSERR values as: 
 𝐺𝐼𝐼𝑐,𝑚 = 2𝐺𝐼𝑐,𝑚 (6.23) 
This simplification is done primarily as a means of expressing the interfacial failure 
entirely in terms of the shear interfacial debond, as this is the most often reported value 
for fibre composites and the easiest to determine.  Thus, the interfacial term from 
Equation 6.21 becomes: 
 𝐺𝑖𝑛𝑡𝑒𝑟𝑓𝑎𝑐𝑒 = 𝐺𝐼𝐼𝑐,𝑖𝜂𝑖𝜂𝜙 (6.24) 
where  
 𝜂𝑖 =
𝜂𝑖,𝑛
2
+ 𝜂𝑖,𝑠 (6.25) 
The subscripts in Equation 6.25 indicate the areal correction due to the normal and shear 
components of interfacial debond.  In the area ratios, no fibre angle is specified as the 
uniformity assumption allows a straight average between their minimum and maximum 
values.  If the distribution of fibres was known (and not uniform), then an integration 
would be necessary to sum the contributions of all fibres at each angle to the unit area. 
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The pullout CSERR is calculated from the origin of G = dU/da, where dU is the change 
in energy and da is the change in area.  The energy, U, is the work due to friction over a 
given distance, U=µFlp, where µ is the dynamic coefficient of friction, lp is the length of 
pullout, and the normal force F is the pressure acting on the pullout area.  If the 
assumption is made that any fibre being pulled-out is completely pulled-out, then the 
pullout area is the same as the change in area.  Thus the pullout CSERR is: 
 𝐺𝑝𝑢𝑙𝑙𝑜𝑢𝑡 = 𝜇𝑃𝑙𝑝 (6.26) 
The coefficient of friction between many polymers and different fibre surfaces has 
received some attention so there is already data available for different composite systems 
[94, 130].  The residual stress follows directly from the polymer simulations of Chapter 
5.  The ratio of pullout area to unit cell area currently takes on an identical form to that of 
the interfacial shear area, though this will change during the next case when the fibre 
length is increased.  Since the length of fibres in this case is limited to less than the 
critical length, the pullout length will always be limited to half the critical length.   
The last new addition to the model, 𝑓(𝜑), is a function describing the effect of fibres at 
each angle 𝜑 to the loading angle on the pullout energy.  Even if a fibre is exactly 
perpendicular to the crack path, as in Figure 6.4c), there will still be a statistical 
distribution of pullout lengths ranging from half the fibre pullout length to zero.  The 
current function presented as Equation 6.27 has the desired boundary conditions, but is 
purely empirical: 
 𝑓(𝜑) = ∑
cos2 𝜑 (1 − sin2 𝜑)
4
𝜋
2⁄
𝜑=0
 (6.27) 
With a better knowledge of the actual fibre distribution, this function is expected to be 
improved.  Other models have been proposed to account for the fibre distribution, but are 
also empirical and considerably more complicated [131, 132].  Further, if the actual 
distribution of fibre angles is known to be non-uniform, then this function should include 
the pullout CSERR such that the sum of the contributions at each angle is computed 
rather than just the contribution fraction. 
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6.1.4 Case IV: Random, Long-fibre Reinforced Polymer 
At last is reached the long, random fibre-reinforced polymer failure criterion: 
 
   𝐺𝑐  =  𝐺𝑚𝑎𝑡𝑟𝑖𝑥𝜂𝜙𝜂𝑝𝜂𝑚[1 + 𝑓(𝜑)𝑣𝑓] + 𝐺𝑖𝑛𝑡𝑒𝑟𝑓𝑎𝑐𝑒𝜂𝑖𝜂𝜙  
+ 𝐺𝑝𝑢𝑙𝑙𝑜𝑢𝑡𝜂𝑜𝑓(𝜑) + 𝐺𝑓𝑖𝑏𝑟𝑒𝜂𝑓𝑓(𝜑) 
(6.28) 
Since the fibre length is greater than the critical stress transfer length, fibre breakage is 
included as well as a crack-path extension.  Fibres are still assumed to break 
perpendicular to their longitudinal axis so the area fraction calculation is straightforward, 
though only a fraction of fibres are expected to break – the same fraction as is also pulled 
out.  The crack path extension suggests that the same fraction of fibres that affect the 
fibre and pullout modes incur a penalty to the total length of the matrix crack dependent 
on the volume fraction of fibres.  So, a highly fibrous composite will see a jagged crack 
as compared to a lower volume fraction composite of the same materials. 
Though not yet stated, it is assumed that fibre debonding and pullout are separate 
phenomena.  Though there might be some link between the interfacial debond length and 
the pullout length, this model treats these as separate.  The reasoning is best illustrated in 
Figure 6.5 depicting three scenarios for a crack approaching a fibre.   
 
Figure 6.5 – Crack approaching a perpendicular fibre which experiences a) debond 
and pullout b) debond and fracture c) debond, fracture and pullout 
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In Figure 6.5a), a crack approaches a prostrate fibre causing shear debonding along the 
fibre until one of the fibre ends is reached.  Here, the fibre does not fracture, and the 
debond length is longer than the pullout length as the debond partially extends below the 
crack plane similar to [74, 131].  From Figure 6.5b), the same crack approaches a fibre 
that extends above and below the crack plane a length greater than the critical stress 
transfer length suggesting the fibre is likely to fracture rather than pull-out.  If the fracture 
location occurs near the crack plane, then there will be no pullout length despite the 
debond and fibre breakage.  The final frame in Figure 6.5c) depicts a scenario where all 
three mechanisms are present; note that the fibre pullout length is still less than the fibre 
debond length.  Extending this logic to all effective fibre angles for fracture and debond 
suggests that the debond length will always be equal to or greater than the pullout length. 
Up to this point, a strong, but not perfect interface has been assumed.  In reality, there 
will be three possible interfacial strength scenarios which will change how a failure 
model like Equation 6.28 will behave.  In the first instance where the interfacial shear 
strength is between the yield and tensile strength of the matrix, 𝜏𝑦,𝑚 < 𝜏𝑖 < 𝜏𝑡𝑠,𝑚, 
everything will be as presented.  If the interfacial shear strength is less than the yield 
strength of the matrix, 𝜏𝑖 < 𝜏𝑦,𝑚, then the interface will debond around fibres long before 
substantial matrix plasticity can take place.  This would require a degradation of the 
matrix critical strain energy release rates depending on magnitude of the difference and 
an increase to the debond length around fibres.  If, however, the interfacial shear strength 
were greater than the matrix tensile strength, 𝜏𝑡𝑠,𝑚 < 𝜏𝑖, then debonding would be 
suppressed.  Not only would the interface CSERR tend to zero and would be replaced by 
a longer matrix crack length, but the pullout frictional coefficient would need to change 
to reflect a roughened matrix-on-matrix value rather than matrix-on-fibre.   
 
6.1.5 Case V: Delamination 
So far, the types of failure have all suggested that a crack will move transverse to the 
material plane.  However, this same criterion is capable of predicting an in-plane failure 
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such as delamination.  Delamination is essentially matrix and interfacial failure with 
neither fibre failure nor pullout, shown in Figure 6.6.   
 
Figure 6.6 – Idealized delamination in a long-fibre composite. 
The picture of delamination shows the idealized case where fibres, viewed end-on, are 
parallel to each other, but perpendicular to an advancing crack.  The critical assumption 
being that the composite is indeed planar so that the composite could be decomposed into 
individual lamina of randomly oriented fibres with identical volume fractions, as 
previously stated.  From Figure 6.6, the fibres do not need to actually align parallel to 
each other for this criterion to apply, and was only drawn this way to demonstrate the 
average, ideal case.  Here, the composite failure reduces to terms similar to the simple 
reinforced composite case: 
 𝐺𝑐 = 𝐺𝑚𝑎𝑡𝑟𝑖𝑥𝜂𝜙𝜂𝑝
, 𝜂𝑚
, + 𝐺𝑖𝑛𝑡𝑒𝑟𝑓𝑎𝑐𝑒𝜂𝜙𝜂𝑖
,
 (6.29) 
where the factors with the prime, ′, symbol indicate a modification.  The volume fraction 
gives rise to the average fibre separation, which in turn gives rise to the values for 𝜂𝑚
,
 and 
𝜂𝑖
,
 for this planar case, and are also elucidated in Appendix C. 
The plastic radius ratio also needs to be changed to account for the difference in crack 
propagation geometry.  In the resin-rich layer between the idealized lamina, the plastic 
radius is larger than in the fibre / resin side of failure, though both are still smaller than 
would be expected from the neat polymer.  To account for this increased radius, an 
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average is taken such that the resin rich side is allowed to have double the plastic radius 
of the constrained fibre side: 
 𝜂𝑝
, =
3𝜂𝑝
2
 (6.30) 
If this model were to be applied to the delamination of a fabric laminate composite then 
the plastic radius would need to change to account for the fabrication pressure.  To more 
rigorously predict the plastic radius reduction, the individual lamina thickness and weight 
without resin would be required to determine the expected resin-rich layer thickness. 
 
6.1.6 Case VI: Non-uniform or Aligned Long-fibre Composite 
The model presented in Section 6.1.4 made the assumption that fibre angles were 
uniformly distributed.  However, in a practical industrial composite, there is always 
expected to be some preferential fibre alignment.  In some injected-moulded composites, 
there might even be complete alignment in sections of a composite part where fibres were 
able to align to the mould-filling direction.  Further, if given the functions for the volume 
fraction distribution and fibre angle distribution it would be highly advantageous to 
predict the corresponding distribution of composite strength and toughness.  To do so, the 
composite model will not be permitted to take advantage of the uniform angular 
distribution assumption and must provide complete terms for all the energy mechanisms.  
To illustrate the extreme cases, Figure 6.7 shows the four cases of either normal or shear 
loading for either vertically or horizontally aligned long fibres. 
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Figure 6.7 – Extreme fibre alignment cases under (a-b) normal loading and (c-d) 
shear loading. 
Where a normal load is present, the failure has already been captured with ratios of fibre 
and interfacial debonding.  The challenging case to predict, Figure 6.7 (c-d), is when the 
composite experiences a shear load and the fibres bridging the matrix crack plane 
experience a combined normal and shear load.  With a uniform fibre spatial distribution 
both Figure 6.7c and Figure 6.7d result in identical loading on the fibres, matrix, and 
interface.  To account for this shear loading case, the interface, pullout, and fibre failure 
are all reconsidered with respect to the principle stress direction using the well-known 
Mohr’s circle approach: 
 
   𝐺𝑐  = 𝐺𝐼𝑐,𝑚(cos 𝜃 + (1 + √2) sin 𝜃)𝜂𝜙𝜂𝑝𝜂𝑚[1 + 𝑓(𝜑)𝑣𝑓]
+ 𝐺𝐼𝐼𝑐,𝑖𝜂𝜙 (
𝜂𝑖,𝑛
2
tan (
𝜋
2⁄ − 𝜑
2
) + 𝜂𝑖,𝑠 tan
𝜑
2
) 
+ 𝐺𝐼𝑐,𝑓𝜂𝑜𝑓(𝜑) tan
𝜑
2
+ 𝐺𝐼𝑐,𝑓𝜂𝑓𝑓(𝜑) tan
𝜑
2
 
(6.31) 
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where again, 𝜑 is the angle between the loading direction and the fibre alignment.  This 
represents the ultimate version of the composite failure model, capable of describing the 
many failure modes and composite types as presented.  Even though the composite is still 
functioning as a long-fibre composite, by now it should be evident that this model can be 
extended to continuous-fibre composite as the only outstanding phenomena to predict are 
fibre fracture length and change to the crack path due to fibre alignment.  The reduced 
form of all the correction factors is presented in Table 6.1 for both the hexagonal and 
square packing assumptions from Appendix C. 
Table 6.1 – Area correction factors for both square and hexagonal fibre packing. 
Area ratio Sym. Square packing Hexagonal packing 
Matrix 𝜂𝑚 1 −
𝜋𝑟(3𝑟 + 𝑅)
(2𝑟 + 𝑅)2
 
(12 − √3𝜋 − 2𝜋)𝑟2 − (𝜋 − 12)𝑟𝑅 + 3𝑅2
3(2𝑟 + 𝑅)2
 
Matrix 
radius 
𝜂𝑝 3(2𝑟 + 𝑅)
2𝑟𝑝
 
√3(2𝑟 + 𝑅) + 𝑅
2𝑟𝑝
 
Normal 
interface 
𝜂𝑖,𝑛 𝜋𝑟(3𝑟 + 𝑅)
2(2𝑟 + 𝑅)2
 
𝜋𝑟(√3𝑟 + 2𝑟 + 𝑅)
3(2𝑟 + 𝑅)2
 
Shear 
interface 
𝜂𝑖,𝑠 𝜋𝑟𝑙𝑑
4(2𝑟 + 𝑅)2
 
2√3𝜋𝑟𝑙𝑑
9(2𝑟 + 𝑅)2
 
Pullout 𝜂𝑜 𝜋𝑟𝑙𝑝
2(2𝑟 + 𝑅)2
 
4√3𝜋𝑟𝑙𝑝
9(2𝑟 + 𝑅)2
 
Fibre 𝜂𝑓 𝜋𝑟
2
2(2𝑟 + 𝑅)2
 
𝜋𝑟2
√3(2𝑟 + 𝑅)2
 
Filler 𝜂𝜙 1 − 𝑣𝑓𝑖𝑙𝑙𝑒𝑟𝑠 
This model consists of fifteen independent mechanical properties, fewer if property 
models are adopted, to mechanistically predict the composite strain energy release rate 
for a long-fibre composite subjected to positive loading.  Processing effects are captured 
by way of fibre orientation, volume fractions and residual stress.  The bonding 
characteristics using the interfacial strength and strain energy release rate are 
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incorporated into this model.  The CSERR values represent real mechanical properties, 
and all the corrections are based on physical and geometric phenomena.  Though some 
simplifications to the matrix and interface fracture were expressed, they are not required, 
and hence this model is fully predictive without empirical variables or constants. 
 
6.2 Discussion and Application of Failure Criterion 
To better understand how this failure criterion operates, a sensitivity analysis and 
comparative studies were undertaken.  All the presented curves represent a random fibre 
distribution for a glass / epoxy composite, whose values can be found in Table 6.2. 
Long fibre composite fracture was assumed to be matrix controlled.  This does not mean 
that the matrix contributes the most to the fracture toughness, but rather that the crack 
path will follow from the fracture of the matrix.  The reason the matrix does not 
contribute much to fracture is highlighted in Figure 6.8 indicating the area fraction 
corrections for the matrix. 
 
Figure 6.8 – Matrix correction factors as a function of volume fraction for both 
square and hexagonal unit cell formulations. 
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As the volume fraction increases, the area fraction of the matrix is steadily decreasing.  
More importantly, though, is the reduction in plastic radius which dramatically reduces 
the amount of plastic deformation of the matrix.  Together, these reductions act to 
completely inhibit the composite toughness stemming from the matrix deformation.  This 
effect is better presented in Figure 6.9 showing the contributions to toughness from the 
different mechanisms. 
 
Figure 6.9 – Matrix CSERR component breakdown for a) pure mode I and b) pure 
mode II loading using the hexagonal unit cell. 
Figure 6.9a) presents the pure mode I toughness as a function of volume fraction, while 
Figure 6.9b) presents the same breakdown for mode II.  In both cases, as the volume 
fraction increases, the matrix contribution rapidly decreases.  Using the brittle glass fibre 
results in a near-zero contribution to toughness by way of the fibre fracture.  What the 
fibre does contribute is an interface which can be debonded and pulled out of the matrix.  
This interface is seen to contribute to the majority of the composite toughness at volume 
fractions above 10%.  Interestingly, in the present model, the pullout does not 
substantially contribute to the overall composite toughness.  This suggests that if the 
matrix and fibre are both brittle, then the composite toughness could be approximated 
using only knowledge of the interface and fibre length and distribution.  Another 
observation is that by using a brittle fibre, such as carbon or glass, the fibre toughness can 
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be ignored; this would not be the case with a ductile fibre, such as an aramid, where the 
fibre toughness may contribute a greater amount to the composite toughness. 
Another way to examine the model is to plot the total composite toughness as a function 
of the loading mode, as in Figure 6.10.  Here, as the volume fraction increases, the matrix 
deformation is suppressed, and the overall toughness reduces to a near constant.  This 
makes sense as the various toughening mechanisms are more related to the distribution of 
fibres than the matrix plasticity.  If the distribution is truly random, then the toughness in 
mode I and mode II loading should approach equality.   
 
Figure 6.10 – Normalized random-fibre composite CSERR as a function of loading 
mode for several volume fractions using both the square and hexagonal unit cells. 
The biggest single factor in the whole model is the calculation of the critical fibre length.  
This value, as calculated from Equation 6.22, is a constant related to the ideal stress 
transfer from the matrix onto a single fibre and drives the calculation for both the debond 
length and pullout length.  However, in a composite where the fibre separation is less 
than the distance required for single-fibre stress transfer to occur, R < 10r, then the fibre 
interaction can cause multiple small diameter fibres to behave like one larger diameter 
fibre.  Bruce [96] recognized this by relating this behaviour to the number of embedded 
fibres for a fragmentation test.  In the present model, this relation will not work, as fibres 
can be disperse and not all nearest fibres will cause this shielding action.  Currently, no 
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correction is made to increase the critical fibre length to account for this interacting fibre 
behaviour.  The result of such a correction would be to increase the energy due the work 
of pullout and consequently would also increase the interfacial debond length.  Moreover, 
many industrial fibres are twisted together during their manufacture.  If this twist is 
applied to the fibre early in production such that it retains this geometry then fibres can 
have additional mechanical linking between fibres; notably the carbon fibre as presented 
in Chapter 4.  This mechanical increase to the pullout energy is also not accounted for in 
the current model, as there was no basis to form an estimate of this mechanical 
strengthening.  Together, these issues describe the true critical fibre length and warrant 
further study to refine the prediction of long fibre composites toughness. 
One further prediction regarding these random long fibre composites is the prediction of 
the composite Young’s modulus.  This was accomplished using the work of Hashin-
Shtrikman and averaging the upper and lower bounds their theory describes [56] as per 
Equation 2.25 through Equation 2.27. 
Together, the predicted composite toughness and composite modulus are plotted in 
Figure 6.11, where the toughness is shown for pure mode I and pure mode II loading 
separately.  This graph essentially predicts the composite critical stress intensity factors 
for both modes of loading with Equation 6.1.  Interestingly, the composite modulus 
initially drops with small volume fractions of fibres as there is not enough interface to 
balance the loss of matrix toughness.  This supports the notion that a minimum volume 
fraction is required to realize toughness gains from a random-fibre composite over the 
neat polymer.  Further, as the volume fraction increases, the CSERR for mode I and 
mode II converge to a common value which is also supported by the prior random fibre 
assumption. 
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Figure 6.11 – Predicted composite toughness and modulus vs. volume fraction. 
 
6.3 Composite Failure Studies 
To test the above theoretical failure predictions, two experimental studies were conducted 
in addition to comparing to similar studies from the literature.  A carbon / epoxy (C-E) 
system represents a simplified laboratory processed sample, while the glass / polyester 
(G-P) system is an industrially fabricated sample.  While the individual experiments will 
be presented in further detail, the values used for the predictive modeling are here 
presented in Table 6.2 with their data source.  While every effort was made to 
experimentally determine all the needed parameters, some of the experiments were 
outside the scope of the research.  Notably, the value for the CSERR of the polyester was 
estimated from the polyester mechanical behaviour.  This is deemed acceptable as the 
value doesn’t actually change the prediction.  Since the matrix CSERR also appears in 
the calculation of the reduced plastic radius, the value cancels from the calculation, 
resulting in no net change.  The analytical model retains the value in the event that an 
improved plastic radius correction is developed independent of the matrix CSERR. 
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Table 6.2 – Random fibre composite properties used for predicting failure. 
Variable C-E Value G-P Value Data source 
Coefficient of friction, μ 0.25 0.35 [94],[130] 
Residual stress, P (MPa) 4.5 3.7 Section 5.3.4 
Matrix modulus, Em (MPa) 2000 1600 Section 3.3.1 
Matrix yield, σy,m (MPa) 27.7 19.0 Section 3.3.1 
Fibre strength, σts,f (MPa) 4900 2600 Appendix A 
Fibre radius, r (μm) 3.5 9 Appendix A 
Volume fraction fibres, vf 0.50 0.15 Section 6.3 
Volume fraction fillers, v  𝜙
  
0.05 0.37 Section 6.3 
IFSS, τi (MPa) 
52.0 39.7 Section 4.1 
Interface CSERR, GIIc,i (J·m
-2) 
477.5 401.6 Section 4.3 
Matrix CSERR, GIc,m (J·m
-2) 
780 600 Section 3.3.5 
Fibre CSERR, GIc,f (J·m
-2) 
1 10 [133], [96] 
 
6.3.1 Pseudo-Random-Tow Carbon Reinforced Epoxy 
A pseudo-random tow carbon reinforced epoxy panel was made in a modified hand lay-
up method, as seen in Figure 6.12.  The same T700 carbon from the previous interfacial 
studies was used to make the panel by cutting the 12k roving into 25mm segments.  Here 
the fibres do not separate in a random fashion, but retain their tow geometry as produced.  
To attempt at least a random distribution of the tow segments, a bag of cut tows was 
violently shaken to mix the fibres.  This was layered in a soft mould by alternating some 
of the cut tows with some mixed epoxy, as seen in Figure 6.12a).  The resulting panel 
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(Figure 6.12b) was cut into multiple test specimens (Figure 6.12c) for mechanical and 
fracture testing.  The epoxy was the same as previously characterized in Chapter 3. 
 
Figure 6.12 – Fabrication steps of the carbon/epoxy samples with a) constrained, 
multi-layer impregnation b) cured panel c) machined test specimens. 
Despite the best efforts, both the tow geometry and the hand layup process are expected 
to impart some overall orientation to the fibres.  However, the limited panel size meant 
that multiple orientations of samples were not possible and that sample sets were limited 
to six samples rather than the typical eight.  A whole suite of tests was conducted to 
characterize the mechanical performance of this material with the results summarized in 
Table 6.3.  Each value is listed with its standard deviation and units, as well as the 
governing standard by which the value was determined.  The modified ASTM 5045 test 
is the same asymmetric four-point shear test as previously used to characterize the mode 
II fracture properties of the neat epoxy. 
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Table 6.3 – Random carbon/epoxy composite mechanical properties. 
Parameter Value Std. Dev. Units Test Method 
Density, ρ 1.484 0.007 g·cm-3 ASTM 792 
Volume fraction fibres, vf 49.9 1.3 % 
ASTM 2584 
Composite porosity, v  𝜙
  5.0 0.8 % 
Young’s modulus, Ec 33.90 3.34 GPa 
ASTM 638 Type II 
Tensile strength, σts 185.2 28.2 MPa 
Shear modulus, Gc 3.27 0.20 GPa 
ASTM 5379 
Shear strength, τts 118.6 7.2 MPa 
KIc 5.59 0.26 MPa·m
½ 
ASTM 5045 
GIc 897 100 J·m
-2 
KIIc 5.81 0.28 MPa·m
½ 
Modified ASTM 5045 
GIIc 925 36 J·m
-2 
To give some connection to the experimental data, the stress-strain curves for the tensile 
testing are provided in Figure 6.13 together with the two failure theories of Tsai-Wu and 
Bogetti from Chapter 2.  In this sense, the statistical nature of the random tow composite 
is seen clearly with a wide spread in observed response.  Both theories over predict the 
failure stresses by a wide margin, despite predicting the modulus within 5%.  It was 
thought that the reason for such a prediction was based on the difference between a 
random fibre and a random tow composite.  In a random tow composite, the cut tows 
exhibit a small aspect ratio in plane of the tow, acting more like a small, oriented lamina.  
This has the effect of allowing local delamination which weakens the composites ability 
to resist a propagating crack. 
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Figure 6.13 – Carbon / epoxy random tow stress strain curves plotted against the 
Tsai-Wu and Bogetti failure theories. 
Both models use the Hashin-Shtrikman modulus prediction and the Ramberg-Osgood 
model for the matrix plasticity and reduced modulus.  The Tsai-Wu criterion is an 
interactive quadratic failure criterion, in this case terminating when the induced shear 
stress in the matrix reaches a critical value.  The Bogetti model only terminates when the 
matrix reaches the failure strain of the fibres.  While this allows for some predicted 
composite plasticity, it comes at the expense of grossly over predicting the failure strain 
and composite toughness.  It should be stated that the reason for the difference in the 
model elastic moduli is due to a reduction in the fibre aspect ratio to account for the tow 
geometry aspect ratio; this correction was only applied to the Bogetti theory as shown. 
Using the newly developed model, Equation 6.28, the experimental and predicted 
properties for this composite are presented in Table 6.4 along the percent difference.  The 
critical stress intensity factor for each mode was calculated from Equation 6.1 using the 
predicted modulus and predicted composite CSERR values. 
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Table 6.4 – Experimental and predicted values for carbon / epoxy composite. 
Property Experimental Predicted % Difference 
Young’s modulus (GPa) 33.90 ±3.34 37.08 8.6 
KIc (MPa·m
½) 5.59 ±0.26 6.23 10.3 
GIc (J·m
-2) 897 ±100 1047 14.3 
KIIc (MPa·m
½) 5.81±0.28 6.28 7.4 
GIIc (J·m
-2) 925 ±36 1062 12.9 
Though all the predicted values for the carbon / epoxy composite are above the 
experimental values, there exists a simple explanation: the tow geometry.  Because this 
composite was not composed of random fibres, but rather random tows, the tows prevent 
both a uniform fibre orientation and a uniform fibre angle.  Assuming that the overall tow 
alignment was not parallel to the tensile axis, which was unlikely, the experimental 
modulus is expected to be lower than the predicted value.  Because the tow fibres are also 
partially mechanically twisted together, a crack is likely not to shear through a tow.  
Instead, since the tows represent a locally uniform fibre geometry, they behave more like 
a single flat ellipsoidal fibre.  This platelet type of behaviour presents a much reduced 
aspect ratio, with a large flat swath of interface along which a crack can run.  Together, 
this explains the lower observed experimental values.   
 
6.3.2 Random Glass Reinforced Polyester 
A second experimental suite of tests was performed on an industrial-made composite.  
Using the SMC process, the Fraunhofer Project Center in London, Ontario kindly 
fabricated several random glass-polyester plates.  The SMC process produces a near true 
random distribution of individual fibres (rather than tows) within a compounded 
polyester matrix.  This process does mean that the polyester is no longer in its neat 
formulation as measured in the lab.  The same tests as conducted on the carbon / epoxy 
composite were performed on the glass / polyester version with the results compiled into 
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Table 6.5.  In the data below, there is volume fraction reported for the fillers.  This 
parameter was determined by analyzing just the paste produced from the SMC process 
without any glass fibre.  Using the ratio of polyester to solid fillers obtained by burn-
testing the paste, this was applied to the overall composite to determine the amounts of 
glass, paste, and polymer present in the SMC panel.  The value for the volume fraction of 
fillers accounts for all the myriad of solid additives into the polyester, but treats them as 
having approximately the same density as that of the main component, calcium 
carbonate. 
Table 6.5 – SMC glass/polyester composite mechanical properties. 
Parameter Value Std. Dev. Units Test Method 
Density, ρ 1.855 0.004 g·cm-3 ASTM 792 
Volume fraction fibres, vf 15.0 0.7 % 
ASTM 2584 
Volume fraction fillers, v  𝜙
  37.2 1.7 % 
Young’s modulus, Ec 6.79 0.23 GPa 
ASTM 638 Type II 
Tensile strength, σts 85.8 5.5 MPa 
Shear modulus, Gc 2.39 0.13 GPa 
ASTM 5379 
Shear strength, τts 68.1 4.9 MPa 
KIc 1.50 0.27 MPa·m
½ 
ASTM 5045 
GIc 456 45 J·m
-2 
KIIc 1.74 0.30 MPa·m
½ 
Modified ASTM 5045 
GIIc 529 64 J·m
-2 
In addition to the bulk mechanical testing, some of the industrially compounded paste 
was reserved for lap-shear testing to compare to the neat polyester previously 
characterized.  The samples were fabricated and tested in the same way as described in 
Chapter 4 for the polyester with both clean and Z6030 coated glass.  All the samples with 
the clean glass failed to be cured properly in what looked to be a result of a poorly 
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bonded interface.  The coated lap-shear samples are compared to the previously obtained 
results in Figure 6.14.  Though the filled polyester is slightly stiffer than its neat 
counterpart, it shows dramatically lower interfacial strength and strain to failure. 
 
Figure 6.14 – Lap-shear comparison between neat and filled polyester bonded to 
Z6030 coated glass. 
Similar to the carbon / epoxy composite, the glass / polyester composite is compared 
between the experimental and predicted values in Table 6.6. 
Table 6.6 – Experimental and predicted values for glass / polyester composite. 
Property Experimental Predicted % Difference 
Young’s modulus (GPa) 6.79 ±0.22 6.57 3.3 
KIc (MPa·m
½) 1.50 ±0.27 1.51 0.7 
GIc (J·m
-2) 456 ±45 343.6 32.7 
KIIc (MPa·m
½) 1.74 ±0.30 1.76 1.1 
GIIc (J·m
-2) 529 ±64 472.0 12.1 
Here the Young’s modulus is under predicted, but within a standard deviation – enough 
to be consistent.  The majority of the fracture values are almost exactly predicted with a 
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lower predicted toughness, likely due to the polymer additive assumption.  Since all the 
predicted values are taken for the neat polyester with a simple deduction for the filler 
amount, the effects the additives have on the polymer, interface, and debond are not 
considered.  It is probable that the fillers contribute somewhat to the composite 
toughness, rather than simply degrading all parameters.  Even with the simplified matrix 
prediction, the fracture values average within 10% of the experimental values generating 
confidence in the model. 
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7 Conclusion 
To achieve understanding of the interfacial strength of a polymer matrix composite 
novelty was sought in the form of testing methods, extensive experimental reporting, and 
a new long fibre composite failure model.  This thesis documents the complete process of 
identifying the current research areas, proposing and conducting tests to pursue tangible 
answers, and interpreting the data to produce meaningful contributions to the engineering 
field. 
 
7.1 Summary 
This research has investigated one of the fundamental properties of composite materials – 
the interface between constituent materials.  Discussion of this interface bordered its 
chemical and mechanical nature.  The research goals comprised the characterization of 
two different thermoset polymers, the measurement of interfacial strength under a wide 
variety of influences, and incorporating interfacial strength into the fracture mechanics of 
composite materials.   
The initial research identified issues with the currently utilized methods to measure 
interfacial strength.  The four main techniques investigated were the pull-out test, the 
push-out test, the fragmentation test, and the lap-shear test.  From this starting point, both 
the push-out test and lap-shear test were geometrically modified to improve the test 
sensitivities and generate results for in situ and rapid assessment respectively.  A full 
range of interfacial conditions were assessed to determine trends and inputs which are the 
most important to the measured strength.  The lap-shear test was further used to generate 
measures for the critical strain energy release rate in both mode I and mode II loading 
based on the sample geometry.  The ability to determine the mode I and mode II 
interfacial critical strain energy release rates from one test was not previously available 
from the literature. 
Using state-of-the-art simulation software, a new combined physics simulation of a 
curing thermoset polymer was used to determine the residual stress acting on a fibre after 
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processing.  This information can be used to further predict composite surface finish, 
component springback, and the determination of better processing parameters to tailor 
final composite part performance.  Critically, however, the residual stress values can be 
used to determine the effect of pullout of a random fibre composite in greater detail. 
Further exploration yielded a snapshot of the composite failure landscape.  Issues 
surrounding the definition of failure in composite materials and how to predict the onset 
of damage remain outstanding challenges.  Though this research has added the ability to 
predict failure with from a phenomenological standpoint, the next step remains to 
incorporating such a capacity into the commercial software landscape.  The proposed 
model breaks failure down into each of the mechanisms and has been shown to apply to a 
variety of composite formulations including particulate reinforcements, short and long 
fibre composites, and even some cases of continuously reinforced composites.  The 
model utilized a combination of material, processing, geometric and interface properties 
to predict the composite critical strain energy release rate, with no empirical variables.  
This model was validated on two completely separate material systems demonstrating 
good agreement between the experimental and predicted values showing the range and 
versatility of this new, comprehensive model. 
 
7.2 Future Work 
Because of the success of this current work, the natural conclusion would be to continue 
investigating how the interfacial strength can be manipulated and utilized to control both 
the fracture mechanism and the energy absorbed during fracture.  Tailored interfaces with 
specific bonding and debonding behaviour would enable this type of detail in design.  It 
would also be prudent to continue the base work, examining the factors influencing 
interfacial strength such as in chemically reactive environments or specific industrial 
additives.  Further distinguishing between impacts which may separately affect the shear 
or normal interfacial strength would result in a complete understanding of the nature of 
the interface as it forms and gives strength to the composite.  Cataloguing the interfacial 
strengths based on chemical bonding or even creating a predictive chemical bond 
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simulation tool would further the design optimization goals.  Along this line, a future 
vision might be chemically designing the interfacial bonding mechanisms which can be 
repaired in the event of damage, selectively broken for component recycling, or modified 
to bond better with polymer fillers for strengthening.  What is greatly needed is a link 
between the chemistry of the interface and the mechanical strength of the interface, 
possibly via molecular dynamic simulations [78].  Offshoot areas also needing 
development include methods to cheaply produce the constituent materials, such as 
carbon fibre.   
Another major area which is ripe with opportunities for a research breakthrough is in 
regard to damage modeling.  As has already been shown, there are multiple current 
approaches each with their areas of expertise and their drawbacks.  A complete model to 
predict and model the many types of continuous woven fibre reinforced polymer 
composite materials, free of the many empirical fitting parameters, has yet to be 
produced.  Such a breakthrough would be immensely valuable to the material simulation 
community, to component designers, and to researchers investigating multi-material 
systems.  These future improvements not only affect the design and use of composite 
materials, but also the repair and scheduling of preventive maintenance of these 
components.  Long term studies on the use and degradation behaviour of these materials 
is vital to realizing their implementation in consumer markets. 
 
7.2.1 Proposed Study: Matrix Microcracking 
Specifically, consider an advancing crack front as seen in Figure 7.1.  Here, a crack is 
shown to run parallel to long embedded fibres with a reduced plastic deformation zone 
due to the fibre constraint.  Also pictured are numerous micro cracks forming between 
the differentially loaded fibres.  This obviously precludes a strong interface condition, 
where the interfacial strength is at least greater than the matrix yield strength, and 
possibly greater than the matrix tensile strength.  One observation is that the additional 
surface area of the matrix cracking is likely to require a large amount of energy.  Another 
important observation is that this picture suggests that the matrix plastic radius extends 
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around fibres, and is not immediately constrained to the small unit cell area as the 
proposed model would indicate.   
 
Figure 7.1 – Mode I interlaminar fracture from Su [134]. 
For any such system, even in a random fibre composite, where the fibre length is greater 
than the critical length required for stress transfer, it is expected that such microcracks 
between fibres would consume a great deal of energy in the production of new matrix 
surfaces.  Their roughness would contribute to the work of fibre pull-out, as sliding 
friction is increased with a rough surface.  Thus the work of fracture would be greater 
than a purely brittle matrix, or even a system in which microcrack did not form but the 
interface debonded instead.  However, to prove the presence of such behaviour would 
represent a completely new study in itself.  A method to image the development of 
microcracks during a fracture event would be needed, along with a method to determine 
the strain energy released.  This proposed study would greatly advance composite failure 
theories allowing composite unit cells to be completely modeled and their fracture 
predicted with sufficient accuracy. 
This study would propose to refine the matrix plasticity area fraction prediction, improve 
the calculation of the matrix deformation itself, and refine the crack path extension 
prediction.  It is likely that in the course of such a study, a model would be needed to 
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better represent the fibre angular distribution, which would eliminate on of the current 
major assumptions. 
 
7.2.2 Proposed Study: Fibre Length Contribution 
Building from the model discussed in Chapter 6, three critical parameters were discussed: 
the distribution function of fibres which contribute to the interface and pullout energies, 
the length of the debonded interface, and the length of the fibre pullout.  By inspection, 
these parameters are linked, with the fibre angle giving rise to the fibre debond length, 
and the debond length being equal to or greater than the pullout length.  Further, there is 
expected to be some connection to the packing of the fibres, as greater packing leads to 
the suppression of matrix plasticity and subsequent stress transfer to the fibres.   
To examine these variables, a project is proposed to examine the fractography of short 
fibre composites.  The study would take fibres of a known diameter and determine their 
critical stress transfer length independent of orientation or fibre packing.  Then using a 
range of lengths around this critical transfer length, the subsequent debond length and 
pullout length could be examined in a fragmentation style test but with a notched 
specimen to ensure the starting location of the crack is controlled based on the location of 
the embedded fibres.  Fibre angle could be controlled using an injection-moulded placard 
since short fibres tend to align to the flow direction based on shear; samples could then be 
cut at the appropriate angle. 
It is expected that as the volume fraction increases, so too do the interfacial debond 
length and pullout length increase.  This is due to the same fibre shielding effect noted by 
Bruce [96] in the multi-fibre fragmentation tests.  From the proposed testing, this 
shielding could be combined with the fibre angular distribution to predict the lengths as a 
function of fibre angle.  The result would effectively yield a method to optimize the fibre 
length in random fibre composites.  This study would also examine the long assumed 
critical transfer length from shear lag theory and extend this notion with multiple 
interacting filaments.  A great benefit would be to conduct this study in conjunction with 
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industrial process simulations such that one refined model can be created to both predict 
fibre orientation and distribution, and use that information to generate the critical fibre 
length values needed to predict the composite fracture behaviour.   
 
7.3 A Final Word 
The proposed failure model and the new composite simulation and experimental method 
advance the science toward the goal of complete numerical optimization and design of 
custom composite materials. 
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Appendices 
Appendix A – Product Datasheets 
In order, the following datasheets were provided by the manufacturers for the tested 
materials: 
1. Resin, CLR 1180, and hardener, CLH 6560 (Crosslink Technologies) 
2. Polyester, T320-70 (AOC) 
3. Silane, Z6020 (Dow Corning) 
4. Silane, Z6030 (Dow Corning) 
5. Silane, Z6040 (Dow Corning) 
6. Glass Fibre, TG-18-u (JB Martin) 
7. Carbon Fibre, T700s (Toray) 
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Appendix B – Chemical Analysis 
Mass Spectroscopy Results 
 
Figure B.1 – Mass spectroscopy of epoxy resin, CLR 1180 
 
 
Figure B.2 – Mass spectroscopy of epoxy hardener, CLH 6560 
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Figure B.3 – Mass spectroscopy of silane Z6020 
 
 
Figure B.4 – Mass spectroscopy of silane Z6030 
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Figure B.5 – Mass spectroscopy of silane Z6040 
 
Nuclear Magnetic Resonance Results 
The full nuclear magnetic resonance (NMR) spectra for each of the analyzed compounds 
are presented below.  All the spectra were obtained using proton NMR with deuterated 
methanol at room temperature.  Since all the chemical signatures matched to the expected 
compounds from the mass spectroscopy, only the aggregate results are show, and no 
detailed analysis is presented.  Noted chemist Dr. Kim Baines who kindly reviewed the 
spectra is quoted as saying, “At long last I have had a chance to review the spectra.  I am 
happy to say that all looks well.”  Expanded sections of each spectrum are available upon 
request.   
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Figure B.6 – NMR spectra for CLR 1180 
 
Figure B.7 – NMR spectra for CLH 6560 
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Figure B.8 – NMR spectra for Z6020 
 
Figure B.9 – NMR spectra for Z6030 
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Figure B.10 – NMR spectra for Z6040 
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Appendix C – Fracture Model Area Derivations 
This appendix contains the derivations for the area ratios of fibre, matrix, interface and 
pullout areas as related to the unit cell areas.  This is divided into separate sections 
detailing the derivations for the square and hexagonal unit cells as presented in Chapter 6, 
as well as the modified parameters for dealing with delamination. 
 
Square unit cell 
Recall the unit cell image: 
 
Figure C.1 – Square unit cell indicating fibre, matrix, and dimensions 
There are two extremes to consider in order to generate the area fractions: when the fibre 
axis is parallel to the crack plane and when the fibre axis is perpendicular to the crack 
plane.  In Figure C.1, the fibres are shown perpendicular to the crack plane, while the 
parallel direction is interpreted as perpendicular one edge of the unit cell into the page.  
For consistency in identifying the variables, the perpendicular case will be termed 
normal, and the parallel case termed shear.  The average value will also be shown for 
random fibre cases where there is no need to integrate for each fibre orientation angle. 
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Normal and shear areas of the unit cell: 
 𝐴𝑠𝑞,𝑛 = (2𝑟 + 𝑅)
2 (C.1) 
 𝐴𝑠𝑞,𝑠 = (2𝑟 + 𝑅)𝑙 (C.2) 
where r is the fibre radius, l is the length, and R, the fibre separation distance, is equal to: 
 𝑅𝑠𝑞 = 2𝑟 (√
𝜋
4𝑣𝑓
− 1) (C.3) 
Normal and shear areas of fibres within the unit cell: 
 𝐴𝑓,𝑛 = 𝜋𝑟
2 (C.4) 
 𝐴𝑓,𝑠 = 𝜋𝑟𝑙 (C.5) 
Normal and shear areas of matrix within the unit cell as the difference between Equations 
C.1 & C.2 and C.4 & C.5: 
 𝐴𝑚,𝑛 = (2𝑟 + 𝑅)
2 − 𝜋𝑟2 (C.6) 
 𝐴𝑚,𝑠 = (2𝑟 + 𝑅)𝑙 − 𝜋𝑟𝑙 (C.7) 
Normal and shear matrix area fractions from Equations C.1, C.2, C.6, and C.7: 
 𝜂𝑚,𝑛 =
𝐴𝑚,𝑛
𝐴𝑠𝑞,𝑛
=
(2𝑟 + 𝑅)2 − 𝜋𝑟2
(2𝑟 + 𝑅)2
= 1 −
𝜋𝑟2
(2𝑟 + 𝑅)2
 (C.8) 
 𝜂𝑚,𝑠 =
𝐴𝑚,𝑠
𝐴𝑠𝑞,𝑠
=
(2𝑟 + 𝑅)𝑙 − 𝜋𝑟𝑙
(2𝑟 + 𝑅)𝑙
= 1 −
𝜋𝑟
2𝑟 + 𝑅
 (C.9) 
The average matrix area fraction then becomes: 
 ?̅?𝑚 =
𝜂𝑚,𝑛 + 𝜂𝑚,𝑠
2
= 1 −
𝜋𝑟(3𝑟 + 𝑅)
2(2𝑟 + 𝑅)2
 (C.10) 
Equation C.10 does not need to be combined per the mixed-mode ratio as with the critical 
strain energy release rates, as this will simply govern the ratio of the debond area 
encountered ahead of a crack for a random fibre distribution.  The mixed-mode condition 
for the CSERR will take care of the global strain energy value. 
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Normal and shear matrix plastic radius area fractions; the normal fraction is limited to the 
size of the unit cell while the shear extends between two unit cells: 
 𝜂𝑝,𝑛 =
2𝑟 + 𝑅
𝑟𝑝
 (C.11) 
 𝜂𝑝,𝑠 =
2(2𝑟 + 𝑅)
𝑟𝑝
= 2𝜂𝑝,𝑛 (C.12) 
where the plastic radius is given as: 
 𝑟𝑝 =
𝐸𝑚𝐺𝐼𝑐,𝑚
2𝜋𝜎𝑦,𝑚2
 (C.13) 
Note, for small volume fractions, if the unit cell size is greater than the unconstrained 
plastic radius, the area fraction is set to unity: 
 𝜂𝑝,𝑥 = {
𝜂𝑝,𝑥
1
    
𝜂𝑝,𝑥 < 1
𝜂𝑝,𝑥 ≥ 1
 (C.14) 
The average plastic radius area fraction then becomes: 
 ?̅?𝑝 =
𝜂𝑝,𝑛 + 𝜂𝑝,𝑠
2
=
3(2𝑟 + 𝑅)
2𝑟𝑝
 (C.15) 
Normal and shear pullout area fractions: 
 𝜂𝑜,𝑛 =
𝐴𝑝𝑢𝑙𝑙𝑜𝑢𝑡
𝐴𝑠𝑞,𝑛
=
𝜋𝑟𝑙𝑝
(2𝑟 + 𝑅)2
 (C.16) 
 𝜂𝑜,𝑠 = 0 (C.17) 
Where lp is the pullout length based half on the statistical critical fibre stress transfer 
length, lc, from [95] as: 
 𝑙𝑝 =
4
3
𝑙𝑐
2
=
2𝑙𝑐
3
 (C.18) 
where the critical stress transfer length is given by: 
 𝑙𝑐 =
3
16
𝑟𝜎𝑓
∗
𝜏𝑖
 (C.19) 
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Substituting Equation C.19 into Equation C.18: 
 𝑙𝑝 =
𝑟𝜎𝑓
∗
8𝜏𝑖
 (C.20) 
The average pullout area fraction is then given by: 
 ?̅?𝑜 =
𝜂𝑜,𝑛 + 𝜂𝑜,𝑠
2
=
𝜋𝑟𝑙𝑝
2(2𝑟 + 𝑅)2
 (C.21) 
The interfacial normal area fractions in both the fibre extreme orientations are: 
 𝜂𝑖,𝑛,𝑛 =
𝐴𝑓,𝑛
𝐴𝑠𝑞,𝑛
=
𝜋𝑟2
(2𝑟 + 𝑅)2
 (C.22) 
 𝜂𝑖,𝑛,𝑠 =
𝐴𝑓,𝑠
𝐴𝑠𝑞,𝑠
=
𝜋𝑟
2𝑟 + 𝑅
 (C.23) 
Averaging Equations C.16 and C.17 yields the average interfacial normal area fraction: 
 ?̅?𝑖,𝑛 =
𝜂𝑖,𝑛,𝑛 + 𝜂𝑖,𝑛,𝑠
2
=
𝜋𝑟(3𝑟 + 𝑅)
2(2𝑟 + 𝑅)2
 (C.24) 
The interfacial shear area fractions in both the fibre extreme orientations are: 
 𝜂𝑖,𝑠,𝑛 =
𝐴𝑓,𝑠
𝐴𝑠𝑞,𝑛
=
𝜋𝑟𝑙𝑑
(2𝑟 + 𝑅)2
 (C.25) 
 𝜂𝑖,𝑠,𝑠 = 0 (C.26) 
Averaging Equations C.16 and C.17 yields the average interfacial normal area fraction: 
 ?̅?𝑖,𝑠 =
𝜂𝑖,𝑠,𝑛 + 𝜂𝑖,𝑠,𝑠
2
=
𝜋𝑟𝑙𝑑
2(2𝑟 + 𝑅)2
 (C.27) 
Similar to the pullout case, ld, the debond length, is based on the critical stress transfer 
length.  However, here a fibre can debond above and below the crack plane, utilizing the 
full critical fibre stress transfer length: 
 𝑙𝑑 = 𝑙𝑐 (C.28) 
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In a mixed-mode case when the normal and shear components can be combined, the 
interfacial area fraction becomes: 
 ?̅?𝑖 = 𝜂𝑖,𝑠 +
𝜂𝑖,𝑛
2
=
𝜋𝑟(2𝑙𝑑 + 3𝑟 + 𝑅)
4(2𝑟 + 𝑅)2
 (C.29) 
For fibre failure, fibres are assumed to only fracture perpendicular to their axis, or in the 
normal orientation so the average area fraction is: 
 ?̅?𝑓 =
1
2
𝐴𝑓,𝑛
𝐴𝑠𝑞,𝑛
=
𝜋𝑟2
2(2𝑟 + 𝑅)2
 (C.30) 
The only remaining correction is that of the fillers, which is based on the filler volume 
fraction: 
 𝜂𝜙 = 1 − 𝑣𝑓𝑖𝑙𝑙𝑒𝑟𝑠 (C.31) 
 
Hexagonal unit cell 
Recall the hexagonal unit cell as segmented into an equilateral triangle: 
 
Figure C.2 – Hexagonal unit cell segment with fibre, matrix, and dimensions 
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The same process is used to generate the area fractions as with the square unit cell, with 
the same initial assumptions. 
Normal and shear areas of the hexagonal unit cell: 
 𝐴ℎ𝑥,𝑛 =
√3
4
(2𝑟 + 𝑅)2 (C.32) 
 𝐴ℎ𝑥,𝑠 = (2𝑟 + 𝑅)𝑙 (C.33) 
where r is the fibre radius, l is the length, and R, the fibre separation distance, is equal to: 
 𝑅ℎ𝑥 = 2𝑟 (√
𝜋
2√3𝑣𝑓
− 1) (C.34) 
Normal and shear areas of fibres within the unit cell: 
 𝐴𝑓,𝑛 =
𝜋𝑟2
2
 (C.35) 
 𝐴𝑓,𝑠 =
2𝜋𝑟𝑙
3
 (C.36) 
Normal and shear areas of matrix within the unit cell as the difference between Equations 
C.32 & C.33 and C.35 & C.36: 
 𝐴𝑚,𝑛 =
√3
4
(2𝑟 + 𝑅)2 −
𝜋𝑟2
2
 (C.37) 
 𝐴𝑚,𝑠 = (2𝑟 + 𝑅)𝑙 −
2𝜋𝑟𝑙
3
 (C.38) 
Normal and shear matrix area fractions from Equations C.1, C.2, C.6, and C.7: 
 𝜂𝑚,𝑛 =
𝐴𝑚,𝑛
𝐴ℎ𝑥,𝑛
=
√3
4
(2𝑟 + 𝑅)2 −
𝜋𝑟2
2
√3
4
(2𝑟 + 𝑅)2
= 1 −
2𝜋𝑟2
√3(2𝑟 + 𝑅)2
 (C.39) 
 𝜂𝑚,𝑠 =
𝐴𝑚,𝑠
𝐴ℎ𝑥,𝑠
=
(2𝑟 + 𝑅)𝑙 −
2𝜋𝑟𝑙
3
(2𝑟 + 𝑅)𝑙
= 1 −
2𝜋𝑟
3(2𝑟 + 𝑅)
 (C.40) 
The average matrix area fraction then becomes: 
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 ?̅?𝑚 =
𝜂𝑚,𝑛 + 𝜂𝑚,𝑠
2
=
−√3𝜋𝑟2 − 2𝜋𝑟2 + 12𝑟2 − 𝜋𝑟𝑅 + 12𝑟𝑅 + 3𝑅2
3(2𝑟 + 𝑅)2
 (C.41) 
Normal and shear matrix plastic radius area fractions: 
 𝜂𝑝,𝑛 =
2𝑟 + 𝑅
𝑟𝑝
 (C.42) 
 
𝜂𝑝,𝑠 =
2 (√(2𝑟 + 𝑅) − (𝑟 +
𝑅
2)
2
− 𝑟)
𝑟𝑝
=
√3√(2𝑟 + 𝑅)2 − 2𝑟
𝑟𝑝
 
(C.43) 
The average plastic radius area fraction then becomes: 
 ?̅?𝑝 =
𝜂𝑝,𝑛 + 𝜂𝑝,𝑠
2
=
√3(2𝑟 + 𝑅) + 𝑅
2𝑟𝑝
 (C.44) 
The average pullout area fraction is given by: 
 ?̅?𝑜 =
2√3𝜋𝑟𝑙𝑝
9(2𝑟 + 𝑅)2
 (C.45) 
The interfacial normal area fractions in both the fibre extreme orientations are: 
 𝜂𝑖,𝑛,𝑛 =
𝐴𝑓,𝑛
𝐴ℎ𝑥,𝑛
=
𝜋𝑟2
2
√3
4
(2𝑟 + 𝑅)2
=
2𝜋𝑟2
√3(2𝑟 + 𝑅)2
 (C.46) 
 𝜂𝑖,𝑛,𝑠 =
𝐴𝑓,𝑠
𝐴ℎ𝑥,𝑠
=
2𝜋𝑟𝑙
3
(2𝑟 + 𝑅)𝑙
=
2𝜋𝑟
3(2𝑟 + 𝑅)
 (C.47) 
Averaging Equations C.46 and C.47 yields the average interfacial normal area fraction: 
 ?̅?𝑖,𝑛 =
𝜂𝑖,𝑛,𝑛 + 𝜂𝑖,𝑛,𝑠
2
=
𝜋𝑟(√3𝑟 + 2𝑟 + 𝑅)
3(2𝑟 + 𝑅)2
 (C.48) 
The interfacial shear area fractions in both the fibre extreme orientations are: 
 𝜂𝑖,𝑠,𝑛 =
𝐴𝑓,𝑠
𝐴ℎ𝑥,𝑛
=
2𝜋𝑟𝑙
3
√3
4
(2𝑟 + 𝑅)2
=
4√3𝜋𝑟𝑙𝑑
9(2𝑟 + 𝑅)2
 (C.49) 
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 𝜂𝑖,𝑠,𝑠 = 0 (C.50) 
Averaging Equations C.49 and C.50 yields the average interfacial normal area fraction: 
 ?̅?𝑖,𝑠 =
𝜂𝑖,𝑠,𝑛 + 𝜂𝑖,𝑠,𝑠
2
=
2√3𝜋𝑟𝑙𝑑
9(2𝑟 + 𝑅)2
 (C.51) 
In a mixed-mode case when the normal and shear components can be combined, the 
interfacial area fraction becomes: 
 ?̅?𝑖 = 𝜂𝑖,𝑠 +
𝜂𝑖,𝑛
2
=
𝜋𝑟(8√3𝑙𝑑 + 3√3𝑟 + 6𝑟 + 3𝑅)
18(2𝑟 + 𝑅)2
 (C.52) 
For fibre failure, fibres are assumed to only fracture perpendicular to their axis, or in the 
normal orientation so the average area fraction is: 
 ?̅?𝑓 =
1
2
𝐴𝑓,𝑛
𝐴ℎ𝑥,𝑛
=
𝜋𝑟2
√3(2𝑟 + 𝑅)2
 (C.53) 
The same correction is made to the fillers as with the square unit cell: 
 𝜂𝜙 = 1 − 𝑣𝑓𝑖𝑙𝑙𝑒𝑟𝑠 (C.54) 
 
Delamination parameters 
Recall the picture of delamination: 
 
Figure C.3 – Idealized delamination in a long-fibre composite 
206 
 
where the delamination is predominately a matrix and interfacial feature.  The three 
delamination parameters are the area fractions for fibres, matrix, and matrix plastic radius 
for the in-plane fracture condition.  From the previous assumption that the fibres are 
uniformly distributed, the thickness of the resin-rich layer between the random fibre 
lamina will be R, the fibre separation distance.  For delamination where this is not the 
case, as with fabric lamina, then this initial assumption will need to change to reflect the 
proper calculation for the matrix plastic area fraction. 
The modified matrix area fraction becomes: 
 𝜂𝑝
′ =
𝜂𝑝 + 2𝜂𝑝
2
=
3𝜂𝑝
2
 (C.55) 
which allows for a plastic radius of one unit cell above the crack plane, and two below (or 
vice versa). 
The lower crack plane is expected to be entirely matrix, with the upper plane a 
combination of matrix and fibres.  The unit cell in this case is assumed uniform following 
the parallel (shear) case from above.  The matrix area fraction is thus: 
 𝜂𝑚
′ =
𝑅
2𝑟 + 𝑅
 (C.56) 
The interface is interesting in the delamination case, as there can now be fibres aligned or 
perpendicular, but always in plane of the crack.  Again the assumption of randomly 
angled fibres drives this calculation, where the interfacial cases are identical, but would 
change with the use of a fibre angle distribution function.  So, the interface becomes the 
average as: 
 𝜂𝑖
′ =
𝜂𝑖,∥ + 𝜂𝑖,⊥
2
=
𝜋𝑟
2𝑟 + 𝑅
 (C.57) 
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